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Abstract. The use of the Expected Shortfall as a solution for various deficiencies of quan-
tiles has gained substantial traction over the last 20 years. Its inference at extreme levels is a
difficult problem in statistics, with existing approaches typically being limited to heavy-tailed
distributions having a finite second tail moment. This constitutes a substantial restriction in
areas like finance and environmental science, where the random variable of interest may have
a much heavier tail or, at the opposite, may be light-tailed or short-tailed. Under a wider
semiparametric extreme value framework, we develop comprehensive asymptotic theory for
extreme Expected Shortfall estimation in the general class of distributions with finite first
tail moment. By relying on the moment estimators of the scale and shape extreme value pa-
rameters, we construct refined asymptotic confidence intervals whose finite-sample coverage
is found to be close to the nominal level on simulated data. We illustrate the usefulness of

our construction on two sets of financial loss returns and flood insurance claims data.
AMS Subject Classifications: 62G05, 62G20, 62G30, 62G32.
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1 Introduction

Tail risk assessment is concerned with the analysis of rare events that carry potential serious
impacts on healthcare systems, the environment or the economy, including, but not limited
to, geohazards and disaster risk, asset/investment risk, systemic risk, climate risk and cyber

risk. The most common univariate risk measure is the quantile ¢(7) of a random risk variable



X, for a suitable 7 € (0, 1); in finance, this measure is generally called Value-at-Risk or VaR.
Two important issues with the quantile risk measure lie in its inability to give any idea of the
shape of the distribution of X beyond the level ¢(7), and its failure to constitute a coherent
risk measure in a financial and actuarial sense, see Artzner et al. (1999) and Acerbi (2002).

A better alternative to ¢(7) in these respects is the Expected Shortfall at level 7, namely

1
BS(r) = — / g(t)dt.

C1l-7

When the distribution of X is continuous, this is also the 7-Conditional Value-at-Risk or
Conditional Tail Expectation CTE(7) = E(X | X > ¢(7)) (Rockafellar and Uryasev, 2002).
The Expected Shortfall risk measure takes all values of the risk variable X beyond ¢(7) into
account. Being a spectral risk measure with positive and nonincreasing risk spectrum, it is
coherent and also comonotonically additive, see Theorem 4.47 p.180 and Remark 4.85 p.199
in Follmer and Schied (2004). It is preferred by practitioners concerned with exposure to
catastrophic financial events. It is also favored by major regulators, including the EU, UK,
Australia and Canada, which will be requiring the use of ES(97.5%), rather than VaR(99%), in
alternative internal models from 1 January 2025. In the EU, this is codified by Article 325ba(1)
of Regulation (EU) No 2019/876, itself a revision of the Capital Requirements Regulation (EU)
No 575/2013, implementing the Basel Committee on Banking Supervision rules.

The estimation of the Expected Shortfall has so far mostly focused on its empirical counter-
part. To simplify the presentation, we consider in this introduction the setting when n(1 —7)

is an integer and F' is continuous. Then the empirical estimator of ES(7) is

1 1 1 n(l—7)
/T gn(t)dt or equivalently m ; Xn_it1m,

1—171

where @, (t) = X[p., 18 the empirical quantile function of a sample (Xy,...,X,) from X,
with Xp., < Xo.,, < -++ < X,,., being the order statistics in ascending order. This is an
L—statistic, whose asymptotic behavior has been considered by Brazauskas et al. (2008) for
fixed 7, and by El Methni et al. (2014, 2018), El Methni and Stupfler (2017) and Goegebeur
et al. (2022) at extreme levels 7, T 1, under the assumption that X, = max(X,0) has a
finite variance. This restricts appreciably the range of potential applications; for example,
the analysis of the French commercial losses fire insurance dataset of El Methni and Stupfler
(2018) suggests that the underlying distribution there is integrable but has an infinite second
moment. Apart from El Methni et al. (2018), who consider a general extreme value setting in
nonparametric regression, existing results also assume that the distribution of the risk variable
is heavy-tailed; this may constitute a substantial restriction for environmental and climate

science applications (Beirlant et al., 2004) but also in finance (Daouia et al., 2024a).



Obtaining a general result about the asymptotic behavior of the empirical Expected Short-
fall at extreme levels under minimal restrictions on the tail behavior of X is the original mo-
tivation for this article. We work under the second-order version of the general extreme value
assumption about the quantile function ¢(-), which essentially conveys that the right tail of
the distribution of X can be approximated by that of a Generalized Pareto distribution. This
makes it possible to construct extrapolated estimators of the Expected Shortfall using extreme
value estimators of the scale and shape parameters of the approximating Generalized Pareto
distribution. Depending on the class of estimators that is used, the extreme value assumption
about ¢(-) may not be sufficient; for instance, if the moment estimators of Dekkers et al.
(1989) are employed, then an analogous extreme value assumption about log ¢(-) should hold,
see pp.103-104 in de Haan and Ferreira (2006). This requires extra technical assumptions
about the extreme value parameters of X, whose necessity for practical purposes is unclear.

Lifting these restrictions is the second motivation for this paper, whose contribution is to
discuss the estimation of the extreme Expected Shortfall. We first treat the case of an inter-
mediate, in-sample level 7, 1 1 by examining the asymptotic behavior of two different classes
of estimators: the empirical version and a semiparametric estimator based on an asymptotic
equivalent of ES(7) — ¢(7) as 7 T 1. In particular, we obtain the convergence of the centered
and renormalized empirical Expected Shortfall to a stable distribution when the right tail of
X has an infinite second moment. We then get the asymptotic distributions of extrapolated
versions of these Expected Shortfall estimators using the moment estimators of Dekkers et al.
(1989); a useful tool for that purpose, of independent interest, is a new uniform second-order
inequality on the log-quantile function of X that holds under no restrictions whatsoever on
the extreme value parameters of X. This inequality is slightly weaker than the classical
inequality used in existing theory, but it is enough to obtain asymptotic expansions of the
bias incurred when using the moment estimators of Dekkers et al. (1989). We find that the
quality of the asymptotic approximations to the finite-sample distributions of the extrapo-
lated Expected Shortfall estimators can be disappointing, which motivates our construction
of corrected asymptotic confidence intervals by building upon a fine understanding of the
asymptotic behavior of the estimators and the uncertainty introduced by plugging in param-
eter estimates into asymptotic variances and correlations. Our intervals are found to perform
reasonably well on simulations and real data examples.

This article is organized as follows. We introduce our extreme value framework in Sec-
tion 2. The asymptotic properties of our extreme Expected Shortfall estimators are examined
in Section 3. Inference procedures are considered in Section 4. A finite-sample simulation
study and two real data analyses are reported in Section 5. Our methods are implemented in

the R package Expectrem, available at https://github.com/AntoineUC/Expectrem.



2 Statistical framework and motivation

Let F': x — P(X < x) denote the distribution function of the random variable of interest X.
The associated quantile function is ¢ : 7 — inf{z € R|F(x) > 7}, and the tail quantile
function is U : ¢ — g(1 —1/t), for ¢ > 1. A crucial condition throughout will be the following
second-order (extended) regular variation condition on U, which imposes that the right tail
of the distribution of X can be approximated by a Generalized Pareto distribution tail at a
known rate. This kind of condition cannot be avoided if no precise model structure is assumed
on I’ and a semiparametric procedure to recover the right tail behavior of X is sought: see,
for example, Sections 2.3 and 2.4 and Chapter 3 in de Haan and Ferreira (2006), Section 5.6
in Beirlant et al. (2004), and Chapter 2 in Falk et al. (2011) from Section 2.2 onwards.
Co(7,a,p,A) There are v € R, a scale function a(-) > 0, a second-order parameter p < 0

and an auxiliary function A(-) having constant sign and converging to 0 at infinity such that

(510 o) = [ ([

Table 1 gives a non-exhaustive list of distributions satisfying this mild assumption, with cor-

responding values of 7, a(+), p and A(+), found by applying Lemmas A.1-A.3 in the Appendix.
It follows from assumption Ca(7,a, p, A) that for any z > 0, U(tz) ~ U(t) + a(t) [" s7 7 ds as
t — oo. This implies that extreme quantiles of X can be recovered from so-called intermediate
quantiles (colloquially speaking, “extreme, but not too much”) if the scale function a(-) and
shape parameter v of the Generalized Pareto model can be estimated. A popular estimation
procedure for these two parameters is the pair of moment estimators developed by Dekkers
et al. (1989), which we introduce now. Let X, ..., X,, have the same distribution as X, and
Xim < Xoip < -+- < Xy be the associated order statistics. Let also (7,,) be an intermediate

sequence of probabilities, that is, 7, T 1 and n(1 — 7,,) — oco. Set

]\Jn1 = log TR and Mn2 = 108;2 SR
{n(l - Tn)J ; X[n'rn]:n I_n(l - Tn)J ; Xf’”ﬂm

Then the moment estimators of the scale parameter a(t) at t = (1 — 7,) ! and of the shape

parameter v are respectively

aMom((l _ Tn)_l) — X(nTn—‘nMél)(]‘ - 37717\,/,[31’[1)

n

1 M(l) 2
and 30" = MV + A0, with 300 = 1 - o (1 )

A semiparametric estimator of an extreme quantile ¢(7,,), where (7)) is another sequence of

probabilities such that (1 —7/)/(1 —7,) — 0, follows as

~Mom __
s 1ds.

o Mom . {A=7)/(1=mn)} !
Qn<Tn) - X[nTn]:n +a, ((1 - Tn) ) /

1



See Theorem 4.3.1 on p.134 in de Haan and Ferreira (2006) and a discussion of the asymptotic
properties of this estimator in Section 4.3.2 on p.140 therein.

When attempting to transpose that construction to the estimation of the Expected Short-
fall at extreme levels, it is natural to write first

ES(7) —q(r) _ /°° U(A-7)"le) U@ —7)")dz
a(l=7)"1) /i a((1—=7)71) x?

> z dx 1
~ -1 - = 1 1
/1 (/15 ds>x2 l_fyaSTT (1)

when v < 1. Besides, by Theorem 2.3.3 on p.44 in de Haan and Ferreira (2006), the function

a(-) is regularly varying with index ~, so that

ES(r,) —q(r,) 1 a(l—m)™h) 1 1—7\ 7"
a((I—7) 1) T3 “a(@—m) ) T Ty <1 _T) /

BS(ra) —q(ma) 1 o alm) —alm) {a=m)/Q=mm}=t
a((1 —7,)71) T - and a((1 —7,)"1) N/l s ds.

Combining these three approximations provides

ES(7,) —ES(m,) 1 /{(1—773)/(1—%)}‘1 o1
a(l—m) ) 1-7/ e

Equations (1) and (2) suggest the following class of extrapolated estimators of ES(7}):

o oms - 1 A=)/ A=70)  _\iom
ESn(7a) + @™ (1 =) 71) x 1_%“1/1 s,
- . 1 [n(1—7n)]
ith B n(Th) = E n — Xn—z’ mn
with ES;,(1,,) = ESp(70) (= )] ; +1 (3)
o N R _ 1
or ES, (1,) = ES,, (1) = X[nmm + anMom((l —Th) l)m (4)

There are, in our view, two main difficulties related to the asymptotic behavior of these
extrapolated estimators. The first one is that the asymptotic theory about ]:D\Sn(Tn) has so
far been restricted to the range v € (0,1/2), which may be a strong limitation depending on
the application at hand. The second one is that while U satisfies condition Cy(7, a, p, A), the
currently available asymptotic theory for the moment estimators of a((1—7,)~1) and ~, and the
extrapolated estimators derived from their use, requires the somewhat unnatural assumption
v # p so that a similar condition holds on log U(+), see for instance the discussions on pp.103
and 140 in de Haan and Ferreira (2006) and Theorem 3.5.4 on p.104 therein. We shall provide
solutions to these two difficulties in the next section, by studying the asymptotic distribution
of E/)én(Tn) in the general setting v < 1, and by obtaining directly a slightly weaker, but

sufficient, uniform second-order inequality on log U(-) under no restriction on the pair (v, p).



3 Unified theory of extreme Expected Shortfall estimation

Let Xi,...,X, be independent and identically distributed copies of X, whose tail quantile
function U satisfies condition Ca(7y, a, p, A). The objective is to estimate an Expected Shortfall
ES(7) of X above an extreme level ¢(7), where 7 = 7,, — 1 as n — oo. As is typical in
extreme value statistics, we start by the case of an intermediate level 7,,. In such a case
the target quantity can be estimated nonparametrically. Intermediate quantile estimators
are then extrapolated to properly extreme levels 7., typically satisfying n(1 — 7)) = O(1),
using a semiparametric extrapolation formula warranted by condition Ca(7, a, p, A) along with
estimators of the scale function a(-) and the shape parameter «. An important tool will be
the following asymptotic expansion of ES(7) at high levels 7; this shall especially be useful
in controlling the bias of extreme value estimators of the Expected Shortfall. Throughout we

let x4 = max(z,0) and x_ = min(z,0) for any = € R so that z = x4y +2_ and |z| = 24 —z_.
Proposition 1 (Second-order expansion of ES(7)). Assume that condition Ca(7y, a, p, A) holds.

(i) Then we have, for any d,e > 0 sufficiently small, that for t large enough and all x > 1,

’Uw - /j s771ds — A(t) /j s171 (/1 up_ldu> ds

(ii) If moreover v < 1, we have, as T T 1,

< el A(t)]x7+ 19,

ES(7) —q(r) _ CTE(r) —q(7)
a(l-=7)"1)  a(-7)71)

1 _
:ﬁ—FA((l_T) 1)((1—7)(1—7—@

(iii) If moreover v € (0,1), then, as 7 11,
ES(r) —q(r) _ ~ a(l-7)7" S
O T ( q(7) 7) ( i (1)>

+AE-nT ((1 = 7)(17— M 0(1)) '

+o(|A((1 = m)7H))

Proposition 1(i) is a convenient complement to the second-order inequality in Theo-
rem 2.3.6 on p.46 in de Haan and Ferreira (2006) with a weaker upper bound that is sufficient
for our purposes. Proposition 1(ii) is an extension of Lemma 3(ii) in El Methni and Stupfler
(2017), which is nothing but a weaker version of Proposition 1(iii), to the general extreme

value framework we consider.



3.1 At intermediate levels

Let 7 € (0,1) and let g,(t) = X[p.n denote the empirical quantile function of the sample

(X1,...,X,). When there are no ties in the sample (this is true with probability 1 if F' is

continuous) and if moreover n(1 — 7) is an integer, the empirical estimator of ES(7) satisfies
[n(1—7)]

/ @n (D)t = ———~ Z Xn—itln = : n i
1—7J; [n(1—7)] i—1 Zi:1 ]l{Xi>XMT]m}

The latter estimator is the obvious empirical counterpart of the Conditional Tail Expectation
CTE(r) = E(X|X > ¢(7)). It turns out that in general, in the case when 7 = 7,, — 1
and n(l — 7,) — oo, as n — oo, corresponding to an Expected Shortfall above an extreme
but in-sample level, the three estimators in the above equation have the same asymptotic
behavior (see Proposition A.1 for a rigorous statement), and we therefore work throughout
with the estimator ES,(7,) defined in (3). Our first result in this section shows that at such
an intermediate level 7,, the estimator E\Sn(Tn) is consistent, and provides its asymptotic
behavior for any v < 1. This is not a simple corollary of existing results, as Gaussian
approximations to the tail empirical quantile process from Theorem 2.4.2 on p.51 in de Haan
and Ferreira (2006) are not sufficient in order to handle the case 1/2 <~y < 1. To the best of

our knowledge, no result on Eén(Tn) has been shown in this challenging case.

Theorem 1 (Weak convergence of the empirical intermediate Expected Shortfall). Suppose
that X satisfies condition Co(7y, a, p, A) with v < 1. Let 7, T 1 be such that n(1 — 7,) — oo.

e Assume vy < 1/2. Then, if \/n(1 — 1) A((1 —7,)~1) = O(1), one has

— T E/)\Sn(Tn) —ES(7) 4 2

o Ifv=1/2, we have, provided \/n(1 — 7,) A((1 — 7,) 1) //log(n(1 — 7,)) = O(1),
Vi —7) ESu(ra) ~ES(ra) 4,y g

og(n(l =) all—m) )

o Assume 1/2 <~ < 1. Then, if (n(1 —m,))'1"7A((1 — 7))~ 1) = O(1), one has

) “ES(m) a1 T@—1/y) (7Y
(1= m)) = =)y _>7{ /7 -1 (27>} “

where, for any « € (1,2), Zy has a unit right-skewed stable distribution with Fourier transform

E (eitZ“) = exp (—|t|°‘ {1 —itan <%) sign(t)}) .




Remark 1 (Compatibility with existing results in the Fréchet domain of attraction with finite

second moment). When 0 < v < 1, a(t)/U(t) — v as t — oo and ES(7)/q(7) — 1/(1 — )

as 7 T 1, see Proposition 1(iii). It follows from Theorem 1 that when 0 < v < 1/2 and
n(1—m)A((L =)~ 1) = O(1),

ES,(70) d 292(1 — )
n(l—7,) (ES(Tn)_1> —>N(0’1—2'y> .

This is Theorem 2 in El Methni and Stupfler (2017) for the distortion function being the

identity function; see also Theorem 1 in El Methni et al. (2014) in the regression setting.

An alternative class of estimators of ES(7,), motivated by Equation (4), is the quantile-

based semiparametric version

EAlgnTn = Xrpr 1n + an (1 — 7 -1 —
(1) = Kius o+ (1= 7)) = =

where @, ((1—7,)~!) and 7, are consistent estimators of the scale parameter a((1—7,)~!) and
the shape parameter -, respectively. Examples include the semiparametric class of moment
estimators (Dekkers et al., 1989), Generalized Pareto maximum likelihood estimators (Smith,
1987; Drees et al., 2004) and probability-weighted moment estimators (Hosking et al., 1985;
Diebolt et al., 2007). These estimators typically converge at the rate 1/ \/m , see
Chapter 3 in de Haan and Ferreira (2006). The next result discusses the asymptotic properties
of E\én(m) depending on those of the random vector (X, m, @n((1 — 7)Y, An)-

Theorem 2 (Weak convergence of EA)én(Tn) at intermediate levels). Suppose that X sat-

isfies condition Ca(7v,a,p,A) with v < 1. Let 7, 1 1 be such that n(l —7,) — oo and
V(1 — 1) A1 —7,)7Y) = XA € R. Assume that

n(l—m X(”THWZ”_Q(T”) an((l_Tn)il)
= (S R =

where the random vector (Nioc, Nscale, Nshape) has a nondegenerate distribution. Then

~ d
- 117n - 7) — (NlocyNscalea Nshape)

oy (Ba(r) = BS(r) Xnraln = a(m) n((L-7)) | o
(1 ”)< ((=m) D) " alll=m) D) " a((l=m) 1y 0 7)

1 A
TR EA s S e 1 p—y

i} (Nloc + 1

1
ﬁNscale + ) NIOCa Nscalev Nshape) .

3.2 At extreme levels

Let (7)) be another sequence of probabilities such that (1—7,,)/(1—7,) — 0. Typical examples

include 7}, = 1—1/n, with the associated extreme quantile ¢(7;,) = ¢(1—1/n) having the order



of magnitude of the sample maximum X, in the data. Equation (2) suggests the following,

broad class of extrapolated estimators of ES(7,,):

o L e/
BS5(r2) = Bu(ru) + (1 = 7)) x =% / Sl

Here ES,,(7,,) is a (relatively) consistent estimator of ES(7,), such as E/)\Sn(’fn) or ES, (1),

and @, ((1 —7,)~") and 7, are consistent estimators of a((1 —7,)~!) and =, respectively. The
objective of the next result in this section is to give a high-level result about the convergence of
ES; (7]), its corollary when ES,,(7,) = ES,(7,), resulting in an estimator ES, (1) = ESZ(T,’I),
and its corollary when ES,,(7;,) = ES, (7p), resulting in an estimator ES, (7)) = ESZ(T,;)

Theorem 3 (Asymptotic expansion of the extrapolated estimator ES’ (77,)). Suppose that X
satisfies condition Ca(7y,a,p, A) with v < 1, and p < 0 if v > 0. Let 7,7, T 1 be such that
n(l—m,) = o0 and 1/dy, :== (1 —7.)/(1 = 1,) — 0. Assume that
n(l — T)<A((1_Tn)_1) > Op(1) and +/n(l—1,)( Op(1).
(1 =70)~1)
If /n(l —7,)A((1 — 17)71) = XA € R and log(d,)//n(1 — ) — 0, then

B () — ES(r)) a ES <> BS(r) oo [y ()
e i T e st <wu—m>w 1)

(1 i7 1 j;_)2> /1dn s7 M og(s)ds (Fn — 7)

B i 7 log(s)ds -(1 = 2y- = p) o
s (Aa— >u—v_—mw_+m+'“”>'

An inspection of the proof reveals that the assumption that p < 0 when v > 0 is necessary

_l’_

in order to control the bias term incurred in the approximation a((1—7.)"1)/a((1 —7,)"1) ~
(1 —=7)/(1 —7,))"" made when constructing the extrapolated estimator ES’ (7/.).

When using ES,,(7,) = E/Jén(Tn) for v < 1/2, or ES,, (Tn) = ENS n(Tn) when v < 1, it follows
from Theorems 1 and 2 that (ES,(7,,) — ES(74))/a((1— 7)) = Op(1/y/n(1 — 7,)). We may

then draw the following useful corollary.

Corollary 1 (Weak convergence of the extrapolated estimator ES' (7). With the notation
and under the conditions of Theorem 3, if actually
ES —ES(73) @n((1— 7)1 ~
ST ( n(Tn) 757’71)’ an(( Tn)il ) 1.5, — ’y)
a((l=m)~1) " a((l—7)7")
where the trivariate random vector (Zioc, Zscales Zshape) has a nondegenerate distribution, then
ES, (1) — ES(7))
a((1—m7,)"1) fld" s71log(s)ds

V- 1 V- Y-(1=29- —p)
Zscae+< - >Zsae_/\ .
1— o e Ly (1—92) 7 1=y ) 1 -7 —p)(1- +9)

9

— (Zlom Zscalc; Zshapc)

n(l —1,)

d, 2
— V—Zloc -




The following corollary will be useful to deal with the specific case v > 0.

Corollary 2 (Weak convergence of the extrapolated estimator ES; (7)), light or heavy tails).
With the notation and under the conditions of Theorem 3 with v > 0, if actually

— ES,(m) — ES(mn) g an((l—Tn)’l)_ B
Tyt = Oe(h VA=) (G =5y =1) = 0st)

and \/n(1 — 7,)( H Z where Z has a nondegenerate distribution, then
=a*
E ') — ES(7/, 1
Tl(l o Tn) Sn(Tn) S(Tn) i> 7.

a((l—m7,)"1) fld” s~ 1log(s)ds -y

Theorem 3 reveals that the interplay between the estimation of ES(7,), at the intermediate
level, and the estimation of the scale and shape parameters of the approximating Generalized
Pareto distribution, is nonetheless potentially more complex than in the estimation of extreme
quantiles because, unlike X7, 1., E\Sn(Tn) will converge to ES(7,) at a rate slower than
1/4/n(1 —7,) when v € [1/2,1). We make this fully explicit in the case when @, ((1—7,)™!) =
aMom((1 —7,)71) and 7, = AM°™. A crucial ingredient for that is the following second-order

inequality controlling the asymptotic behavior of log U, under condition Co(7y, a, p, A).

Proposition 2 (On regular variation properties of log U). Assume that 0 < U(oo) = ¢q(1) <
0o, and that condition Ca(7y,a, p, A) holds. Then we have, for any d§,e > 0 sufficiently small,

> w877,1 </8 u'yldu> ds
1 1

o+ 1) o

that for t large enough and all x > 1,

logU(tx) — log U (t) B =14,
a(t)/U(t) T +<

Atz /1w$vl </1 s 1du>d <e (U((z;))

Proposition 2 is valid regardless of the values of v and p and features the functions a and

A themselves rather than modifications of these functions, unlike the inequality stated at the
top of p.104 in de Haan and Ferreira (2006). It is a weaker inequality since it is restricted to
the range = > 1 and its right-hand side does not feature the multiplicative term z7-77, but
it shall be sufficient for our purpose of obtaining the asymptotic distribution of extrapolated

Expected Shortfall estimators based on the moment estimators @y °™((1 — 7,)~!) and F o™,

Remark 2 (Compatibility with existing results about log U). According to the discussion
on p.103 in de Haan and Ferreira (2006), if condition Ca(7,a, p, A) holds with 0 < U(o0) =
q(1) < oo, v # pand p <0 when v > 0, then log U satisfies a similar second-order condition:

Ve >0, lim B}t) (k)g Ust(j))/;fl(j)g - /j 87_1(18) N /136 o </18up,_1du> ds. (5)

10




According to Lemma B.3.16 p.398 in de Haan and Ferreira (2006), the quantities p’ and B

are defined as

, p if y<p<0 or 0<—p<~vy or (0<vy<—pandl=0),
—|v] if p<y<0 or (0<vy<—pandl#0),

,

A(t) if v<p<0,
and B(t) = ﬁA(t) if 0<—p<y or (0<vy<-—pandl=0),

t
_% if p<y<0 or y=—p or (0<v<—pandl#0),

where for v + p < 0 the quantity [ is defined as | = limy_,o, U(t) — a(t)/~ (see Theorem 2.1
in Fraga Alves et al. (2007) for the existence of this limit). Theorem 2.1 in Fraga Alves et al.
(2007) also shows that actually, when v # p,

0 if v<p<O,
fm L (AN v .
AR an\ve ) T 7, T o<y or (0<y<—pandi=0)
too  if p<y<0 or y=—p or (0<y<—pandl#0).

This means that the second-order condition (5) on logU is an immediate consequence of
Proposition 2 when either A(t) or a(t)/U(t) — 74+ dominates the other, that is, in any of the
four situations v < p <0, p<~y<0,v=—pand (0 <y < —pand!#0). When this is not
the case, that is, when 0 < —p < v or (0 < v < —p and [ = 0), then Proposition 2 and the
above result from Fraga Alves et al. (2007) yield, as ¢t — oo,

logU(tx) — log U (t) B zs 14
o(0)/00) J ot

= A(t) {—7 571 </ u“’ldu> ds + x”/ s171 </ upldu> ds + 0(1)}
Yte 1 1 1

pointwise in x. A straightforward calculation then shows that

logU(tx) —logU(t) IS,—ls:L 15—1 Su‘lu s+o
o o e= A [ ([T assoam

which, again, is nothing but the second-order condition (5). Proposition 2 therefore extends

this second-order condition on log U by avoiding the restrictions v # p and p < 0 if v > 0.
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We are now ready to provide the asymptotic distribution of the estimator ES o (71). Define

L+y+9%—p7? p(1—7)
B, 1 1
e e TSI G R el L A v T g s v s G0
g V(1 =2y = 29" +57%)
B = 1 — 1
(1) = AT 72 H0=r< ~ [ 4B = )1 = 3y) 0
2 _ _
and V() = +1 (1 -1 =3y +49%)

(1= 72 H05<0 T (90 (1 3y) (1 — dy) T OO

Theorem 4 (Weak convergence of the moment-based estimator EEZ(T,Q)) Suppose that X
satisfies condition Co(vy,a,p, A) with 0 < U(occ) = ¢q(1) < o0, v < 1, and p < 0 if v >
0. Let 1,7, T 1 be such that n(l —7,) — oo and n(l — 7)) = O(1). Assume also that

n(l—7)A(1 — 7)) = X € R, /n(1—7)(a((1 — 7)Y /q(ra) —74) — p € R and
log((1 —7,)/(1 — 7] /\/TT” ) = 0. Take @y ((1 — 7,)71) = aM°™((1 — 7,)7Y) and 7, =

AMom - Then,

ES,(ry) — ES(7,)
a((1 —7,)~1) [T/ 07T) =116 (5)ds

n(1 =) 5 N(AB1(7.p) + nB2(7). V(3).

When v > 0 and n(1 — 7),) = O(1), which covers for instance the standard case when
7). = 1—1/n represents a quantile level in the neighborhood of the maximal observation in the
sample, the asymptotic behavior of E/)\SZ(T,;) is dominated by that of the extreme value index
estimator 7,. This may not be the case if this condition on 7,, is violated when v € [1/2,1),
because then ES,, (1n) converges to ES(7,,) at a rate slower than 1/\/T7'n

Our final main result examines the asymptotic distribution of ES, o (7). Define

_ v v(1=39%)
PO = T e T T 28y O

Theorem 5 (Weak convergence of the class of estimators E\S;(T;L)) Suppose that X satisfies

condition Ca(7y,a, p, A) with 0 < U(oo) =q(1) < oo, v <1, and p<0ifv>0. Let 7,7, T 1

be such that n(1 —1,) — oo and (1 —71)/(1 —7,) = 0. Assume also that \/n(1 — 7,)A((1 —

) = A e R, /n(l—7)(a((1 — 7)Y /q(mn) — v4) — € R and log((1 — 7,) /(1 —
"N/l —1n) = 0. Take @, (1 — 7)) = a¥om((1 — 7,,) ") and 7y, = ™. Then

S, () — BS (1)

) [0 iy ogayas B0 B, V)

n(l —1,)

These asymptotic results and their proofs are the basis for the construction of accurate

and computationally straightforward confidence intervals about ES(7},), as discussed below.
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4 Corrected asymptotic inference

We first highlight various defects of the standard asymptotic confidence intervals for the
extreme Expected Shortfall derived from our results, and we build upon our insight to design
corrected versions of these intervals whose coverage is close to the nominal level in the general
case v < 1. Our methods are implemented in the freely available R package Expectrem, see
Section B.1 for a description of the relevant commands. We rely on the moment estimators
(1 — 7)Y = aMem((1 — 7,)71) of the scale and 7, = FM™ of the shape extreme value
parameters, respectively; we shall use the fact that if \/n(1 — 7,)A((1 — 7,)"') — 0 and
n(1 = 7)(a((1 = 7)"")/a(7a) = 7+) = 0, then
(i~ 1
a((1=m)7") 7 a((l —m)7")

where (Nioc, Nscale, Nshape) is trivariate Gaussian centered and has covariance matrix

~ d
- 17771 - '7) — (NIOC7NscaleyNshape)7

1 ¥ 0
E=30)= [y wu() ) |-
0 c(v) wva(v)

with
2 — 167 + 5172 — 693 + 50v* — 24~°
(1= 29)(1 = 39)(1 — 49) b<op

01(7) = (¥ + 2)Ly0) +

(1= =291 =7 +67),
(1—37)(1 — 4v) fr=0p

va(7) = (¥ + D10 +

1—7)2(1 — 4y + 1242
and C(ry) = _(1 - 7)1{’720} - ( (;/)_(37)(17__27)7 ) {y<0}-

See the proof of Theorem 5 in the case v < 0, and Corollary 4.2.2 on p.133 in de Haan and
Ferreira (2006) when > 0. Throughout this section we let Y7,...,Y, be independent and
identically unit Pareto distributed (i.e. with distribution function y +— 1—1/y for y > 1) and
we recall that (X,...,X,) 4 (UMW1),...,U(Y)).

We consider the case where the probability level 7/, 1 1 is such that n(1 — 7,,) is bounded,
which is the typical scenario in extreme value practice. The case of an intermediate level
Tn = 1 — kyp/n, where k, — oo and k,/n — 0, is discussed in Section B.2 of the Appendix.
We first construct confidence intervals based on ]5@2(7’72), the extrapolated version of the
empirical Expected Shortfall estimator. For a heavy-tailed distribution with finite variance,

an extensively studied competitor is the Weissman-type (after Weissman, 1978) estimator

752 () = (1 - T’/L>_ﬁ B8 (1) = (Mk")f}g B8, (1 — ki /n).

1—m7, 1—7
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Here Al = MY s the Hill (1975) estimator of 4. For v € (0,1/2), the asymptotic behavior
of this estimator is dominated by that of Ji! (see El Methni and Stupfler, 2017), so that

VFn ES, ()
log(Fn/ (n(1 — 7))

The associated asymptotic confidence interval is

Ti(e) = |80 () exp (Bl L=, L))

where z;_, /5 is the quantile of level 1 —a/2 of the standard Gaussian distribution. Lifting the

restriction 7 € (0,1/2) can be done using the extrapolated semiparametric estimator E/DS:L(T;Z)
—~W
instead of ES,, (7)), with @,(n/k,) = aM°™(n/k,) and 7, = FM°™. Applying Theorem 4

(with the notation therein) suggests, when v < 1, another confidence interval for ES(7;,):

an(n/kn) J; in/ (n(1=10) s log(s)ds
Vkn

This confidence interval is theoretically valid for v < 1. In the proof of Theorem 4, the

~

I5(e) =

ES, (1)) +

\Y% V(an)zl—a/Z

limiting distribution of ESZ(T,’L) is obtained, when v € [0,1), by neglecting the finite-sample
uncertainty in ES,, (1 — kn/n) and @y, (n/ky,). To construct an accurate approximation to the
distribution of ES,, 2 (7)), we propose a sampling approach. Let d,, = k,,/(n(1 — 7},)) and note

that up to the additive bias term ES(7},) — ES(1 — ky/n) — © "/k” J{™ s71ds that we neglect,

BS,(ra) = BS(rh) _ BSu(l = ku/n) — BS(L—hu/n) _ Ji" 57 1ds < a(n/kn) 1>
an (n/kn) zL\n(n/kjn) 1- Y an (n/kn)

dn —1 dn —1
s771ds log(s)s?~*ds
N (fl N Ji " log(s) ) G

- A

We obtain an asymptotic representation of each term of the right-hand side in the above

approximation. Up to a negligible bias term,

E\Sn(l — kn/n) ES(l — n/n) - S (1 - n/n) X knn 1 Xn—kn:n — U(n/kn)

a(n/ky) ~ a(n/kn) - a(n/kn)
4 a0V kan) 1S (UVnitrn) = UVngum) 1
- a(n/kn) % k’n 1 < a(Ynfkn:n) 1- 7>
1 a(Yn—knm) U(Yn—k,:n) — U(n/kn)
1 ( a(n/kn) 1> " a(n/ky) '

Using condition Ca(7,a,p, A), the Rényi representation (see (A.15) and (A.16) in the Ap-

14



pendix) and the fact that a is regularly varying with index v, we get, with D, (z) = [, lx r=14s,

—~ k
ES,(1 —k,/n) —ES(1 — k,/n) d [ky Tl 1
~ —Y., . T D Yn—i n Ynf m)
o Tn—knin X K 221 5 ( 1/ knin) 1—~

a(n/kn) i
1 kn 7 kn
+ 17 ((Yn—kn:n> ) + D < Yn kn: n>

- n n

(renf£)) ()

+—p, | > osl¥i) V) = _amvy. . vy,
0% (n eXp( Z )) n ( 17 ) ny )

1-7 i=kp+1
Besides
an(n/kn) _ Xp—p,m — Un/kn) (1) ~ { U(n/kn) ~
= - My (1 =An,-) + M Y (1 —%n,~)
a(n/kn) a(n/kn) a(n/kn)
and as such, it follows from (A.58), (A 60), (A.61) in the proof of Lemma A.8 (see the Ap-
pendix) and the convergence My, (1 )(1 — An,—) 5 v+ that
(k) 4 " log(Vy)
~v+D, | —exp
i) P ( (Z |
) -1
T i

Finally,

-1
Un/ka) 3 L, onhy
~ R ALY VO 1—-|1- —
({1 (e o
so using again the Rényi representation and Equations (A.60) and (A.61) in the proof of
Lemma A.8 (see the Appendix) leads to

ESn(1 = kn/n) —ES(1 — kn/n)  a(n/ky) A
Gn(n/F) (k)
d 1
~ _Gn<}/17“'7ynufy)v (2) _17Hn(}/177Yn77)
Gn (Ylv"‘7Yn77)
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with

2
kn 15k Doy
1 1 (kn 221 Doy ( z))
Hn(}/l,,yn,")/) =+ ( D’Y(}/’L)_]-)—’_]-_ - - 7-
i ZZ—; 2 ﬁZf& D, _ (Yi)?

Conclude that

ES () = ES(7) 4 dn 7145 1
n(T ) (Tn) ~ —Gn(Yl, e ,Ynyv) - fl (2) -
1=y \GP1,....Yn,)

> Hn(Y17 cee >Yn,’7) = _E’IL(Y17 cee 7Yn77)’

fld" s771ds fld" log(s)s7~tds
(1—=7)? 1—~
The random variable E,(Y7,...,Y,,7) is very easy to simulate and its distribution can thus

be tabulated; this gives rise to the confidence interval
Ti(0) = B8, (74) + n(n/kn)en aj2(3n)s B, (7h) + @n(n/n)en 1-a/2(in)

where e, () is the 7th quantile of E,,(Y7,...,Y5,7). Our experience is that the performance
of this interval is adversely affected by ignoring the finite-sample uncertainty in the plug-in
step of replacing v by 7, when the tail of X is very heavy. Since vk, (Jn — ) AN (0,v2(7)),
we propose to deal with this issue of uncertainty quantification by computing directly the
quantiles of E,, (Y1, ..., Y, 3,) for 3, =7, —|—Z\/m, where Z ~ N (0, 1) is independent
from the data; in addition, we retain only those values of 7,, that are smaller than 1, i.e. we
resample given 7, < 1. This gives rise to an alternative interval TZ(a). Algorithm 1 gives all
the details concerning the actual computation of both Tg(a) and /I\Z(a) (here and throughout
the function ® denotes the standard normal distribution function).

We turn to extrapolated versions of the semiparametric Expected Shortfall estimator.
Again, in the heavy-tailed setting v € (0,1), one may consider the Weissman-type estimator

W, 1=/ \"" —u ko O\ X pom
ES = n ES = o
n () (1—Tn) n () (m—m) =

—H
built upon the intermediate estimator ES,, (7,,) = Xy, /(1 —7) motivated by the approx-
imation ES(7) = ¢(7)/(1 — 7) as 7 1 1, see Proposition 1(iii). It is also readily seen that the
asymptotic behavior of 41! dominates, leading to a confidence interval analogous to T’f(a):

Ti(a) = |5, (e (s 8B A2, ),

Just as in the construction of T’g(a) as opposed to T’l‘(a), one may construct a more widely

~ —~ % —~ W
applicable confidence interval I5(«) by using the estimator ES,, (7)) instead of ES,, (7). The-
orem 5 suggests the interval
~ kn/(n(1—7),
an(n/ky) fl /(n( )

Vkn

T5(a) = |ES, (1)) +

s —1log(s)ds —
V V(fyn)zlfa/Q )
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Algorithm 1 Confidence intervals for ES(7),) - Extrapolated empirical estimator
Require: N > 1, a € (0,1), E/Jgn(l —kn/n), Gn(n/ky) = axo™(n/ky), A = AN (k,)
Ensure: 7, <1land 1 -7/, < ky/n
Compute E/I\S:L(T;L) = ESp(1 = kn/n) + Gn(n/kn) X ﬁ lk”/(n(lﬂ’/l)) sTn=1ds
Simulate N replications Uy, ..., Uy from a uniform distribution on [0, 1]
forie{l,...,N} do

Calculate 7y,; = 7, + %Zn)@—l (Uiq) ((1 - 3“\/%))

Simulate n replications Y7, ...,Y, from a unit Pareto distribution
Compute E; = E,(Y1,...,Y,,7,) and E; = E, (Y1, ..., Y0, Yny)
end for

Compute By = Eup(@) = E|N(1-a/2)]:N g 4 B = Eup(@) = E|N(1-a/2)|:N
Edown = Edown(a) = ELNa/2j:N Edown = Edown(a) = ELNQ/QJ:N

Ti(@) = [ES,(72) + @n(/bn) Eaonn, B, (15) + @n (/) Eu |

return - o ~ % =
Ti(0) = [BS(74) + @u(n/kn) Eaown, B, (74) + G0/ k) Bu |

which closely resembles /I\g(a), the only difference being that E/JSZ(T,’L) is replaced by EAJQZ(T,Q)
Like Tg(a), this confidence interval is theoretically valid for v < 1, but its finite-sample perfor-
mance suffers when the underlying distribution is heavy-tailed because it neglects the statis-
tical uncertainty in E\én(l — kyp/n) and ap(n/k,). We devise a workaround based on viewing
]5@2(7’7’1) as a quadratic form of a Gaussian random vector. Set J,, 1(7y) = flk"/(n(lfn/”)) 577 1ds

and Jy, 2(y) = flk"/(n(l_dl)) 57 1log(s)ds, and set

Fe— i ESulm) ~BS(r) | /-FS,(r) ~ BS(r) a(n/hn)

n an(n/kn) a(n/kn)  an(n/kn)’
Since
ES,(7.) —ES(1.) _ ES,(1 — kn/n) — ES(1 — ky/n)
a(n/ky) - a(n/kn)
[ Yds (@ (n/kn) B [ =1ds [ log(s)s7 Mds ) B
A (s 1)*( G Ty )

recalling Theorem 2 suggests the approximation

~ d 1+ J, 1+ J, +(1—=7v)Jn Nicale
VRS <Nloc + 1_7’1)/(7)Nscale + 71(7()1 _(7)2 ) n2(7) Nghape) <1 n 1/]4:1 >
—w(y) Ny NS ON
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where N = (Nioe, Nscales Nshape)T follows a trivariate centered normal distribution with co-

variance matrix 3,

1
1+Jp
u*('y) _ +1_,’;(’Y)
1+Jn,1(7)+(1*7)-]n,2(7)
(1-7)?
0 -1 0
and S*(y) = _% 1+{T( 7) _1+Jn,1(’72)(']i-_£1’y_)’27)‘]n,2(7)
0 _ 14Jn, 1(’7)+(1 Y In,2(7) 0
2(1-7)?
Straightforward calculations show that, if Z = (Z;,...,Z,) is a p—dimensional Gaussian

random vector made of independent centered unit Gaussian random variables and M is a p X p
symmetric matrix, one has E(ZTMZ) = tr(M) and E((Z"MZ)?) = 2tr(M?)+(tr(M))2. The
mean m*(7) and standard deviation s*(7) of u*(y) "N + N'S*(y)N/v/k, are then

m*(y) = W and s*(y) = \/U*(”Y)TE(’}/)U*(’)/) + 2tr(S*(7)E(ZiS*('7)E(’7))'

Approximating Z*L by a Gaussian random variable with mean m*(7,) and standard deviation

s*(7n) suggests the confidence interval

an(n/kn)
Vk,

Similarly to Tg(a), the finite-sample performance of this interval is compromised because the

an(n/ky) ,

Ti(a) = |ES, (7)) - T ¢ ()i

m* () +

statistical uncertainty of the estimator 7, plugged into m* and s* is not accounted for. To
take this uncertainty into account, we analytically derive a correction term that should be
added due to this plug-in step. Let ¥ = AAT be the Cholesky decomposition of ¥, where

1 0 0
A=A(R) = |7 Vuly)—7?
C(v 02(7
0 Voi(n)—2 \/U2

and note that N = AZ where Z is made of three independent centered unit Gaussian random

variables. Recalling that v/k,, (3, — ¥) &= Nshape, @ Taylor expansion yields

- T TQx
Z;( g u*(v)TA(fy)Z + Z A(’Y) j?iV)A(7>Z + op (\/an>

i * (D = ZTA(;Y\ )TS*( )A<7n)z * [N Nshape 1
S u(9n) " AGR)Z + T — 0" (7,) | —=xee N> Z + op <\/E>
where 8°(7) = (1) TA() + w()T ).
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Since N = AZ, one has Nshape = A23(’Y)Z2 + A33(’Y)Zg g A23(:}/\n)Z2 + A33(7y\n)Z3 + Op(l).

Then
zTW*(%)z+O < 1 >
NS "\VE, )’

Zn S w0 (n) 2+

where w*(y) = AT (y)u*(v), and

W*(v) = A(y)"S*(v)A(y)

1 0 07 (7) A2 () 07 (7)As3(7)
D) 07 (7)A23(7) 205 (v) Aoz () 05 () Ass () + 03(v)A2s ()
07 (7)As3(v)  05(7)As3(y) + 05(7)A2s(v) 203 (v)Ass ()

We omit the explicit expressions of w*(y) and W*(v) for the sake of brevity. As in the con-
struction of T§(a), we then approximate the distribution of the random variable w* (o) TZ +
Z"W*(v0)Z/\k, (for any fixed 79 < 1) by a Gaussian distribution with mean tr(W*(vo))
and variance ||[w*(70)||3 + 2 tr((W*(70))?)/kn. This suggests our final confidence interval

Ti(a) = [ESn(r) + 20 —tr(W*(%))i\/ Gl + 22O G,

We next examine and compare the finite-sample performance of these eight intervals.

5 Numerical experiments

5.1 Finite-sample simulation study

We consider the Kumaraswamy, Reverse-Burr, Gumbel, Exponential, Pareto and Fréchet
distributions, whose distribution functions and pertaining extreme value quantities are pro-
vided in Table 1. In each setting, we simulate N = 10,000 replications of an i.i.d. sam-
ple of size n = 1,000 from the chosen distribution. We estimate and infer the quantity
ES(7),) = ES(1 — 1/n) = ES(0.999) using the estimators E\S:L(TT/L) and E\S:L(Té), and the con-
fidence intervals T5(0.95), T5(0.95), T5(0.95), T5(0.95), I*(0.95), I;(0.95), I5(0.95) and T%(0.95),
at the nominal confidence level 0.95, and with base intermediate level 7,, = 1 — k,,/n with
Kk, = 200. The true values of ES(0.999), computed using Table C.1, and the empirical cover-
age probabilities of the competing intervals are provided in Table 2. We carried out a similar
inferential exercise for the intermediate value ES(7,) = ES(1 — k,/n) = ES(0.8); since this
is arguably less relevant for statistical practice than inference at extreme levels near or be-
yond the limits of the sample, we defer the results of the analysis at the intermediate level to

Section C of the Appendix.
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The interval TZ(O.%) appears to have coverage probability closest to the nominal level
overall when the underlying distribution has a finite variance; note that TZ(O.95) performs
worse when v < 0, due to the fact that its construction neglects various sources of bias that
are nonetheless substantial in that setting. By contrast, 12(0.95) seems to offer the best trade-
off between coverage and interval length for infinite-variance distributions, whereas TZ(O.%)
has slightly better coverage at the expense of being much wider. The naive Gaussian intervals
T’I(O.QE)), T§(0.95), 1;(0.95) and I5(0.95) do not perform well even when the conditions for their
theoretical validity are satisfied. The interpretation here is that the Gaussian asymptotic
behavior of E\S; and I:]E;, giving rise to the naive Gaussian confidence intervals, is obtained
by neglecting the uncertainty in E/Jén, Eén and a,, even though it is substantial in finite-sample

settings.

5.2 Real data application 1: The OpenFEMA dataset

The OpenFEMA dataset, provided by the US government®, contains a historical database
of records of residential flood insurance claims in the USA updated at a monthly frequency.
Our goal is to infer the average value of an extremely high claim, defined here as happening
with probability 0.5%. To alleviate concerns linked to possible non-stationarity of the data,
we consider the claims consecutive to floods caused by a stream, river, or lake overflow that
occurred in 2012 (sample 1), on the one hand, and 2017 (sample 2), on the other hand.
We further stratify along floods rated A in the database (each corresponding to a so-called
Special Flood with no Base Flood Elevation on the insurance rate map) and those rated B
(each corresponding to a so-called Moderate Flood from primary water source). A scatterplot
of the locations of the claims, superimposed on a map of the USA, is given in Figure 1.
After data cleaning, this yields four samples of flood insurance claims, expressed in thou-
sands of USD, denoted by A-2012 (n = 555), B-2012 (n = 402), A-2017 (n = 1,131) and
B-2017 (n = 925). The large cluster of claims in New Jersey and New York in 2012 is linked
to Hurricane Sandy in late October 2012. The two large clusters of 2017 claims are related to
Hurricane Harvey in southeast Texas and Louisiana in August 2017, and to Hurricane Irma
in Florida in September 2017. We give in Figure 2 moment extreme value index estimates and
extrapolated Expected Shortfall estimates at level 0.995, along with the asymptotic confidence
intervals TZ(O.%) and TZ(O.95) constructed in Section 4 at the nominal confidence level 0.95.
The analysis of sample A-2012 reveals a heavy right tail, with the estimates ES; and EAJS:L
agreeing with the Weissman-Hill estimates ]:]\SnW and ETéZV The analysis of sample A-2017
is less conclusive, with the extreme value index estimate not significantly different from 0 at

the 95% asymptotic confidence level, although the point estimate is always positive. In this

'Freely available at https://www.fema.gov/openfema-data-page/fima-nfip-redacted-claims-v2
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situation, it is better to avoid assuming that the right tail is heavy, and therefore to use the
estimates E/)\S:L and E\éz instead of the Weissman-Hill estimates. Samples B-2012 and B-2017
are pretty clearly light-tailed (v = 0), and we observe that for such samples the Weissman-
Hill estimates very quickly drift away from the estimates E/)\SZ and ]552 From an applied
standpoint, it is reasonable to conclude that while there are clear differences between the tails
along zone types, it is not obvious that the extreme Expected Shortfall changes across years
within a zone even if the uncertainty about estimates is affected by changing sample sizes: a
rough point estimate of ES(0.995) is 500,000 USD for zone A, and 400,000 USD for zone B.

5.3 Real data application 2: Daily financial loss returns

We examine the extreme value behavior of two series of daily loss returns (i.e. negative log-
returns) for the CAC 40 and FTSE 100 indices, from 9 December 2008 to 12 July 2016 for the
former and from 6 July 2005 to 10 June 2013 for the latter, covering the subprime financial
crisis. These time series may feature substantial serial dependence. To handle this dependence
in a dynamic setting, it is usual practice to apply a filter such as an ARMA-GARCH model.
After goodness-of-fit checks, the residuals from the fitted model may be treated as independent
observations and extreme value theory may be applied; this kind of procedure has been used
since at least McNeil and Frey (2000). To the best of our knowledge, most of the recent
methodological contributions in this framework assume that the residuals are heavy-tailed:
see, among others, He and Einmahl (2016), Girard et al. (2021) and Kaibuchi et al. (2022).
However, Figure 3 provides empirical evidence of the fact that the residuals may have
light-tailed or short-tailed distributions. Following the methodology of Girard et al. (2022),
we estimate an ARMA(1,1)-GARCH(1,1) model on successive rolling windows of length n =
1,500, for each dataset. The corresponding residuals form 438 (resp. 503) samples of size n
for the CAC 40 (resp. FTSE 100) data. We estimate the extreme value index v of each
sample of residuals using the estimator FM°™. As illustrated in the first two series of panels in
Figure 3, the heavy right tail model v > 0 can reasonably be excluded for these samples, and
depending on the rolling window chosen, the appropriate model seems to be either light-tailed
or short-tailed, although it is often difficult to firmly rule out a light-tailed model. This is
especially clear when considering the final rolling window in each dataset, the moment plot of
which is indicated in cyan in the leftmost panels (A) and (E) in Figure 3. It is reasonable to
conclude from the associated asymptotic 95% confidence intervals in panels (B) and (F) that
the residuals are, respectively, light-tailed for the CAC 40 and short-tailed for the FTSE 100
over this window. We arrived at the same conclusion using a more parsimonious GARCH(1,1)
model and/or a different sample size n for the rolling window. Although this variety of tail

behaviors does not seem to have been appreciated before in the statistical literature, it is of
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utmost interest to practitioners concerned with the accuracy of daily forecasts; as we showed in
our simulation study, even when the data is heavy-tailed, there is no substantial drawback in
using the general estimators E/JE:L and EAJS:L we provide, whereas the Weissman-Hill estimators
E/)\SZV and EA]éXV perform poorly outside of the heavy right tail model.

The resulting residual-based estimates E/JS:L(l —1/n) and EAlé:L(l — 1/n) obtained over the
last rolling window are represented in panels (C) for CAC 40 and (G) for FTSE 100, along
with their 95% confidence intervals TZ(O.%) and TZ(O.%), respectively. They point towards
very similar estimates and confidence intervals, with clearly identified stable regions around
k = 200 resulting in pointwise ES(1 —1/n) estimates around 5.3 for CAC 40 residuals and 3.9
for FTSE 100 residuals. Dynamic predictions of the extreme ES for the next day given past
information can then easily be obtained for the raw data using the ARMA(1,1)-GARCH(1,1)
structure. We do so by adapting the procedure described in Daouia et al. (2024b) and we
provide, in the rightmost panels of Figure 3, the point forecast E/‘JVS:L(l —1/n) in (D) and
E/)\SZ(l —1/n) in (H) of ES(1—1/n) for the daily loss returns over the observation period, along

with their 95% asymptotic confidence intervals and the realization of the future observation.
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Stream, river, or lake overflows in 2012

Stream, river, or lake overflows in 2017

Figure 1: OpenFEMA Flood Insurance data — Locations of flood claims consecutive to a
stream, river, or lake overflow in 2012 (top) and 2017 (bottom) in the United States. A red
cross denotes a claim in an area rated A (Special Flood with no Base Flood Elevation) and a

green cross denotes a claim in an area rated B (Moderate Flood from primary water source).
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Frequency

Frequency

Frequency

Frequency

Figure

panels:

fidence intervals (dashed black), and Hill estimates (solid red) as functions of k. Right panels:
Expected Shortfall estimates of ES(0.995) (solid black) with 95% asymptotic confidence inter-
vals /1\2(0.95) (dashed blue) and T5(0.95) (dashed green), and Weissman-Hill Expected Shortfall
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Appendix to the paper “A unified theory of
extreme Expected Shortfall inference”

Abdelaati Daouia, Gilles Stupfler & Antoine Usseglio-Carleve

This appendix contains all necessary auxiliary results, their proofs and the proofs of our
main results, and provides extra finite-sample results about our simulation study. Unless
specified otherwise, we denote throughout by F and F = 1 — F the distribution function and
survival function of the random variable of interest X. The associated quantile function is

q: 7+ inf{z € R| F(z) > 7}, and the tail quantile function is U : t — ¢(1 — 1/t), for ¢ > 1.

A Auxiliary results and proofs

Our first result gives simple sufficient conditions under which condition Ca(7y,a, p, A) holds.

They are formulated in terms of asymptotic expansions of the tail quantile function.

Lemma A.1 (Sufficient conditions for Ca(7v,a,p, A)). Let U be the tail quantile function of

the random variable X.

e (Heavy tails) Assume that
U(t) =t*(C + Dt +0(t™?)) ast — 0o
with o, 6,C >0 and D # 0.

1. If a # B, then condition Ca(7y,a, p, A) holds with v = «, p = —f3,

At) = _Be=BD,s g a(t) = aCt® (1 — 1A(t)> = aCt” (1 +2 ; 5Dt—ﬁ> .

a C 3 C
2. If a = B and moreover
U(t) =t*(C+ Dt + D't 4 o(t™*=*")) as t — oo
with o > 0 and D' # 0, then condition Co(v,a, p, A) holds with v = «a, p = —a — o/,
d(a+ao)D

/ ,_D/ /
—t7*% and a(t) = aCt” (1 — at""") :

Alt) = « C a C

e (Light tails) Assume that

U(t) = log®(t)(C 4+ Dt Plog’ (t) + o(t P log’ (t))) as t — oo

with a, 8,C >0 and D, € R.
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1. If a =1 and D # 0, then condition Co(7y,a, p, A) holds with v =0, p = —f,
2D,y 145 1 D 5. 145
A(t)=p at log"™(t) and a(t)=C|(1-— EA(t) =C|1- 55t log"™(t) | .
2. If a # 1, then condition Cao(vy,a, p, A) holds with v = p =0,

A(t)

a—1

~ log(t)

e (Short tails) Assume that U(oo) < 400 and

and a(t) = aClog® ' (t).

Uloo) —U(t) =t~ *(C 4+ Dt P +0o(t™?)) ast — 0
with o, 8,C >0 and D # 0. Then condition Co(vy,a, p, A) holds with v = —a, p = =03,

D 1 5
5(0‘;6)01&—5 and a(t) = aCt™ (1 - ﬁA(t)) — 0Ot (1 L@ z: 6075‘5) |

At) = —

Proof of Lemma A.1. We prove each statement separately.
(Heavy tails) Assume that U(t) = t*(C + Dt=% 4+ o(t™")) as t — oo, with a, 8,C > 0 and
D #0. If a # 3, set

—B8YD — D

(0}

U(tz) —=U[) 2% -1 a—BDt gz 1+a—[3’D ﬁxaﬁ—l
a(t) a a C a a C a—pf

= A(t) /j s (/1 u‘ﬁ‘ldu> ds + o(|A(#)[)

as announced. If in fact « = 8 and

+o(t™#)

Ut) = t*(C+ Dt + D't 4ot )) = D+ t(C + D't 4 o(t™*~%))

ast — 0o, then U(t) — D = t*(C'+ D't =~ 4 0(t—**")) as t — oo and the above calculation
applies with D replaced by D’ and f3 replaced by a + o'.

(Light tails) Assume that U(t) = log®(t)(C' + Dt log’ (t) + o(t P log’(t))) as t — oo with
a,B,C >0and D,é € R. If a =1, then for any = > 0,

U(tz) — U(t) = Clog(z) + D(z ™" — 1)t P log" ™ (t) + o(t* log! 9 (t))
=C (1 - B%t_ﬂ log1+5(t)> log(z)
+C x 62 t 'BlogH‘s( )/w st </15 uﬁldu> ds +o(t ﬁlogHa( t)).

1
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This proves the result in this case. If in fact o # 1, then for any « > 0,

B . log(z) a(a—1)log*(x) 1
U(tx) = Clog®(t) (1 T T 2 toe2) O <10g2(t)>>

and therefore
Ul(tz) —U(t) a—1 1 4 ( 1 )
— = — x =1 + —_
aClog®L(¢) e <2198 @+l

“toste) + o [ ([ o) as o ()

(Short tails) Assume that U(co) < +oo and U(oo) — U(t) = t=*(C 4+ Dt=# + o(t=%)) as
t — oo with o, 8,C > 0 and D # 0. Set

Alt) = —Mgt_ﬁ and a(t) = aCt™@ (1 - ;A(t)) =aCt™ @ <1 + MDt—fi) '

as required.

Q a C
Then
U(te) =U(t) z7*—1 a+pBD, gz —1 a+ﬁDiﬁx—a—ﬁ_1 s
a(t) —a a C o taet e o)
= A(t)/ st </ uf“du) ds + o(|A(t)|)
1 1
as announced. O

The next two lemmas are dedicated to checking condition Ca(7y,a, p, A) for the Gamma
distribution with unit scale and for the standard Gaussian distribution. This is done by
computing asymptotic expansions of the tail quantile functions of these distributions that are
of independent interest; in particular, we obtain approximations that are more precise than

those proven in Sections 4.1 and 4.3 in Fung and Seneta (2018).

Lemma A.2 (Asymptotic expansion of the Gamma quantile function). Let U be the tail
quantile function of the Gamma distribution with shape parameter oo # 1, whose distribution

function is

1
F(z)= /0 mto‘_le_tdt for x> 0.
Then
loglog(t) logT'(«) 5 loglog(t)
U(t)=1log(t) | 1+ —1 — + - 1) —
=1t {1+ (- D0 - SR + 0 - PR
_(a—l)(lo%F(a)—1)+0< é >> s s oo
log(t) log~(t)
In particular, the Gamma distribution satisfies condition Co(vy,a, p, A), with v = p =0,
— T —2 -1
a(t):l—i-a 1—(04—1)2% ( —I)IOg (a);—a and A(t):—a2 :
log(t) log®(t) log”(t) log”(t)
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Proof of Lemma A.2. The key is to note that for any 8 > 0 and any x > 0,
o oo
/ P e tdt = 2P e + (B — 1)/ P72t at
X xr
by an integration by parts, and since

oo 1 o0
0< / P2 tdt < / P L=t dt,
T X

X

one has - .
VB > 0, / P et dt = 2P e <1 +0 <$)> as T — 0o.
Consequently
1—F(z) = /OO L oty
+ T(a)
e (a—1)2%2e (a—1)(a—2) [* 5
_ e3¢t gt
R i vl A
role® a—1 (a—1)(a—-2) 1
= o) <1+ . + 2 +O<x3>> as r — o0.

The Gamma distribution is unbounded to the right, so U(t) — oo as t — oo, and has a
continuous distribution function, so 1 — F(U(t)) = 1/t for any t > 1. Plugging z = U(t) in

the above asymptotic expansion leads in particular to

a—1

log(t) =U(t) — (o« — 1) log(U(t)) + logI'(ar) — 7o +0 <(U(1t))2) ast—o0. (Al

We repeatedly use (A.1) in order to get the successive terms appearing in the desired asymp-

totic expansion of U(t).

Asymptotic equivalent of U(t): The leading term in the right-hand side of (A.1) is obvi-
ously U(t), so U(t) ~ log(t).

First term in the asymptotic expansion of U(t): Write U(t) = log(t)(1 + ¢1(t)), with
£1(t) — 0 as t — oo. Then (A.1) yields

0 = log(t)ei(t) — (a — 1) loglog(t)(1 + o(1))

and therefore &1 (t) ~ (o — 1)10i1g°(gt§t)'

Second term in the asymptotic expansion of U(t): Write

U(t) = log(t) (1 T(a- 1)101%){;%”(1 " Eg(t))) ,
with e2(t) — 0 as t — oo. We find, using (A.1), that
0= (a—1)loglog(t)ea(t) + logI'(ar) + o(1)
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__logT'(a) 1

and therefore es(t) ~ —=2— TogTog(@) -

Third term in the asymptotic expansion of U(t): Write

loglog(t) logT'(«)
) g 1),

with e3(¢) — 0 as t — oo. Then 1/U(t) ~ 1/log(t) = o(loglog(t)/log(t)) and
log log(t) o log log(t)
o ()

U(t) = log(t) (1 + (a—1)

log(U(t)) = loglog(t) + (o — 1)

Plugging these two relationships into (A.1) results in

log 1

0 =logT'(a)es(t) + (a log(t)

(1+0(1))

_ (a—1)2 loglog(t)
logT'(a) log(t)

and therefore e3(t) ~

Fourth term in the asymptotic expansion of U(t): Write finally

B loglog(t) logI'(«) log log(t)
U(t) = log(t) (1 +(a—1) og(t)  log(t) T (o — 1)2W(1 + 54(t))> :

with €4(¢) — 0 as t — co. One has 1/U(t) ~ 1/log(t) and

log(U(t)) = loglog(t) + (a — 1)101%)23(%15) B loligl:((t?) o (log?(t)) .

Plugging these two relationships into (A.1) results in

0= (a—1)loglog(t)es(t) +logI'(er) — 1+ o(1)

__logT'(a)—1 1
a—1  loglog(t)"

and therefore e4(t) ~ Hence the desired asymptotic expansion of U.

To prove that U satisfies condition Cy(7, a, p, A), note that since

= S (1 S (1Y)

one may write the following stronger version of (A.1):

log(t) = U(t) — (o — 1) log(U(t)) + log T'(«x)

- £ ) i

In particular, for any x > 0,

Ulte) — U(t) = log(x) + (a — 1) log (f%))
1+ (a—1)/U(tz) + (o — 1)(a — 2) /(U (tz))? + o(1/ log?(t))
-+ lOg ( 1+ (a — 1)/U(t) + (Ck _ 1)(0& _ 2)/(U(t))2 T 0(1/10g2(t)) > . (A2)
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Since U(tx)/U(t) — 1, this yields, first of all, the convergence U(tx) — U(t) — log(x) as
t — oo. Then straightforward calculations based on the asymptotic expansion of U(t) we

have previously obtained entail

Ultz) U(t)) a1 <loglog(tx) 10g10g(t)> B (10gr(0‘) 1og1“(a)> +0 <10g1()>

log(tz) log(t log(tz) log(t) log(tz)  log(t)
(o yloglog(t)  logD(a) +a—1Y . 1
_< (a=1) log*(t) " log?(t) )1 Blo) + <log2(t)> (A-3)

1+ (a—1)/U(tz) + (o = 1) (e — 2)/(U(tx))* + o(1/ log*())
L+ (a=1)/U#) + (o = 1)(a = 2)/(U(1)* + o(1/ log?(t))

~ 1 (ot )+ (i)

v ) r

Combine (A.2), (A.3) and (A.4) and the fact that U(t)/log(t) = 1 + O(loglog(t)/log(t)) to
get

-1

and, using the fact that U(t) ~ log(t),
(«
(«

- )

+ (a—1)log (1 + 10Ug((£) (g; tr) log )>

+log<1+(a—1)/U(tx) (a—=1)(a—2)/(U( +0(1/log2(t))>
1+ (a—=1)/U(t) + (a — 1)(0*2)/((]( )) +0(1/log(t))
(

=log(az)(1+a_(a_1)0g°g()+a 1)-8 (a)2+a )
log(t) log?(t) log? (1)
a—1 1 1
- T % 1 2 + -\
The conclusion directly follows. 0

Lemma A.3 (Asymptotic expansion of the Gaussian quantile function). Let U be the tail

quantile function of the standard Gaussian distribution. Then

U(t) = v/2log(t) (1 _ loglog(t) _ log(dm) _ log"(log()) _ 1 (; log(47) — 1) loglog(t)

4log(t)  4log(t) 321og?(t) 8 log?(t)
1

- (é log?(4r) — %log(élw) + 1) logé(t) +o0 <10g§(t)>> as t — oo.

In particular, the standard Gaussian distribution satisfies condition Co(7vy,a,p, A), with v =

p=0,

a(t) =

1 log log(t) 1 1 1
2log(?) <1+ Tlog(t) <2log(4ﬂ) - 1) 210g(t)> A = S og(t)
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Proof of Lemma A.3. Let ® be the distribution function of the standard Gaussian distribu-

tion. The starting point is to integrate by parts twice in order to get

—x2/2 00
1- / T By o R
N Vor x c V27 u
1 e /2 1 1
f . <1—$2+O<x4>> as r — o0.
Consequently

2

T 1 1 1
—log(l —®(z)) = 5 + log(z) + 3 log(27) + e +0 (:c4) as r — 00.

The standard Gaussian distribution is unbounded to the right, so U(t) — oo as t — oo, and ®
is continuous, so 1 — ®(U(t)) = 1/t for any ¢t > 1. Plugging x = U(t) in the above asymptotic

expansion leads to

2
log(t) = (U(;)) +1log(U(t)) + %10g(27r) + (U(lt))Q +0 ((U(lt))4> as t — oo. (A.5)

As in the proof of Lemma A.2, we repeatedly use (A.5) in order to get the successive terms

appearing in the desired asymptotic expansion of U(t).

Asymptotic equivalent of U(t): The leading term in the right-hand side of (A.5) is obvi-
ously (U(t))?/2, which yields U(t) ~ /21og(t).

First term in the asymptotic expansion of U(t): Writing U(t) = \/2log(t)(1 + £1(t)),
with €1(¢) — 0 as t — oo, one obtains from (A.5) that

0 = 2log(t)er (£)(1 + o(1)) + %log log() + O(1)

and therefore &1 (t) ~ _l‘fl‘l)f;g(g)_

Second term in the asymptotic expansion of U(t): Writing

U(t) = \/2Tog(0) <1 _ l‘jﬁ(l)‘;g(g)u + 52(t))> ,

with e9(t) — 0 as t — oo, we get using (A.5)
1 1
0= —3 loglog(t)ea(t) + 5 log(4m) 4+ o(1)

log(4m)
loglog(t)

and therefore e9(t) ~

Third term in the asymptotic expansion of U(t): Write

U(e) = /2Tog1) (1~ 50D SRy ey )
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with e3(t) — 0 as ¢ — oo. Then

we? |
2

log?(log(t))

16 log(t) (1+o(1))

og(t) = —% log log(t) — %log(éhr)(l +e3(t)) +

and
log® (log(t)) >
log(t) /)~

Plugging these two asymptotic expansions into (A.5) results in

log? (log(t))
16 log(t)

log(U(t)) = %log log(t) + %log(2) +o <

0= 1 log(4m)es(t) +

: (1+0(1)

log? (log(t))

and therefore e3(t) ~ STog(im) Tog(@)°

Fourth term in the asymptotic expansion of U(t): Write

loglo log(4m)  log*(lo
U(e) = /2Tog() (1 - B SR BB L 1)),

with €4(¢) — 0 as t — oo. One has

(U(t))? 1 1 log?(log(t)) log(47) log log(t)
— 1] = —=logl — —log(4m) — —=——-= 1 1
-~ loa(t) = —3 loglog(t) — ; log(4m) — <518 Wleyr) + EET OB (1 4 o(1)
and 1 | log log (1)
og log(t
1 = —logl —log(2) — —=——~(1 1)).
o8(U/(1)) = 5 log og(r) + 5 log(2) ~ <501 +o(1)
Plugging these two asymptotic expansions into (A.5) results in
log?(log(t)) 1/1 log log(t)
S 3 S A7 22 “ | Zlog(an) —1) =220
16 log(t) ealt) + 4 og(4r) log(t)

and therefore £4(t) ~ 4 (% log(4r) — 1) m.

Fifth term in the asymptotic expansion of U(¢): Write finally

B loglog(t) log(4m)  log?(log(t))
U(t) = v/2log(t) (1 © dlog(t)  4log(t) 32 log?(t)

1/1 log log(t)
-3 <2 log(4m) — 1) W(l + 55(t)))

with e5(¢) — 0 as t — oo. One has

(U(®)?

5 log(t) = —% log log(t) — %log(élw) ! <; log(4m) — 1) Msg,(t)

4 log?(t)
loglog(t)  log?(4n)
4log(t) 16 log(t)

(1+0(1))
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and

log(U (1)) = 5 loglos(?) + 3 log(2) - l‘jlgkl)‘;g(g) - fi(;g)) (1+0(1)).

Plugging the two above asymptotic expansions along with the asymptotic equivalent 1/(U(t))? ~
1/(21log(t)) into (A.5) yields

0= —% <; log(4m) — 1) M%(t} + % (213 log?(47) — %10g(47r) + 1> (1+0(1))

1
log(t) log(t)
and therefore

1

S <; log(4m) — 1) e5(t) ~ % (é log?(4) — %log(élﬂ) + 1> :

log log(t)"

This results in the desired asymptotic expansion of U.

To prove that U satisfies condition Ca(7y, a, p, A), note that the asymptotic expansion we have
just shown gives, for any = > 0,
log(z) log?(z) < 1 )>
U(tx) = +/2log(t) [ 1+ — 4o
(tz) g(t) ( 2log(t)  8log%(t) log?(t)

log log(t) log(z) log(z)  log(4m) log(z) log?(log(t))
% (1 " dlog(t) {1 " log(t) }  4log?(t)  4log(t) {1 ~ log(t) }  32log?(t)

1/1 loglog(t) 1 /1 1
—— | =zlogdm) -1 —"—=——-|( =1 47) — — log(4 1 1 1
8( os(im) - 1) o il o8?(47) = 5 0B(47) + 1) 1=z (1-+o(1)
log(x log log(t) <1 > log(x)
t)+ /2 1 + | = log(4m) —1
(21 og(t 810g2( t) og(r) | 3 logl4m) 4log®(t)
B 10g2(x) < )>
8log?(t) log?(t
as t — oo. Consequently
1 loglog < ) 1 }
Ultr) —U(t) = ——= 1+ )—1) —=—= ¢ log(x
(tz) Q 2log(t) <{ 4log(t) 2log(t) 8(%)
1
—l
ey * 3 o <1og< )
from which the result follows immediately. O

We next introduce notation linked to the second-order condition Ca(7,a, p, A) that shall

be used several times in subsequent proofs. If this condition holds, define

a(t) (1 - ;A@)) L p<0,

a,(t) =< a(t) (1 — iA(t)) , Y#0, p=0, and A, (t) =] P (A.6)

a(t), v=0, p=0,

39



as well as

(2t — 1
Y+p#0, p<O,
Y+p
log(z), Y+p=0, p<O,
Uyp(z) =19 1 (A7)

71’710g($), V#Oa PZO»

~

L. 5

§lOg (SU), 7:07 p:O

\

Then, up to replacing a, and A, by suitable functions a,o and A, such that a,o(t) =
ax(t)(1 4+ o(JA(t)])) and A, o(t) = A.(t)(1 4+ o(1)) as t — oo, Theorem 2.3.6 p.46 in de Haan
and Ferreira (2006) guarantees, for any d,e > 0, that ¢, tx can be chosen so large that
Ultz) —U(t)
' ax(t)

Note also that a, is asymptotically equivalent to a in a neighborhood of infinity and a.(t) /U (t)—

— / §77lds — A, (1), ,(x)| < e|A(t)|27 TP max(2°, 27°). (A.8)
1

Y+ = O(la(t)/U(t) —v+]) + O(JA(t)]) as t — co. We now have the material necessary to prove

Proposition 1.

Proof of Proposition 1. (i) One has

i) U0 _ 7 gy = U000 _ [ g (200 [,
1 1 1

a(t) ax(t) a(t)

a.(t) > (U(tw) —uU() / . >

+ 1) —— s77ds | . A9

(56 RO (49

Fix 0, > 0 sufficiently small. Inequality (A.8) yields, for ¢ large enough and all z > 1,
a.(1) U(ta) = U (1) [ . ;
-1 —— - v < -]A T+, Al
(o) (o= )| = o (a0

Note also the relationship a,(t)/a(t)—1 = c(v, p)A(t)(1+0(|A(t)])) as t — oo, where c(v, p) =
—1/pif p<0, =1/yif p=0and v # 0, and 0 if ¥ = 0 and p = 0. Then, for ¢ large enough

and all x > 1,
ax (1) ) /:C 1 /gc -1
-1 s ds —c(vy, p) At s77 ds
(%) [ (e |

Set finally d(p) = 1/pif p < 0 and 1 if p = 0, and combine inequality (A.8) again with (A.9), (A.10)
and (A.11) to obtain that for ¢ large enough and all 2 > 1,

< %\A(t)|z:7++5. (A.11)

t _ t €T €T
\U(@(t)U” - [ s cupa) [ s - dp) A0 )| < A0
a 1 1
It is then sufficient to prove the identity

c(v, p) /196 77 s + d(p) ¥, ,(z) = /1:0 s771 (/18 u”_ldu> ds. (A.12)
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We prove this identity by exhaustion. For this we recall that

~

1 /a7t -1 27 -1
(x -2 ) ify#0, p<0, v+p#0,
p\ v+tp gl
1 -1
p(log & > ify#0, p<0, v+p=0,
xX S
- _ 1 /2P -1
/s’y 1(/ u’ 1du>ols: <$ — log( )> ity =0, p<0,
1 1 P
1 -1
- (aﬂlog(x) - & > 1f77é0a pzoa
v gl
1 .
log?(x) ity=0, p=0.
\ 2

If v #0, p <0 and v+ p # 0, the left-hand side of (A.12) is

+p _ _
1 <:L‘7 ? 1 _ z? 1) :/1371 </Supldu> dS,
p\ Yt+p v 1 1

and if instead v + p = 0, the left-hand side of (A.12) is

1 T g :
- (log(x) ~2 ) =/ s771 (/ up_ldu> ds.
P v 1 1

When v = 0 and p < 0, the left-hand side of (A.12) is

1 (2F 1 v s
- <$ - log(x)> =/ s771 (/ u”_ldu> ds.
P P 1 1

If v # 0 and p = 0, the left-hand side of (A.12) is

1 Y o 1 T S
- (avV log(z) — 33 > = / st </ up_ldu) ds,
v v 1 1

and when v =0 and p =0, it is

1 X S
108;2(37):/ s171 </ uf’ldu> ds.
2 1 1

Equation (A.12) follows and the proof of (i) is complete.

(ii) Since X has the same distribution as U(Y’), where Y has a unit Pareto distribution (with
distribution function y — 1 — 1/y, for y > 1), one may write

CTE(r) — q(r) = E(U(Y) = U(#) |U(Y) > U(t))

where throughout ¢t = ¢(7) = (1 — 7)~! = oo as 7 1 1. Note also that condition Ca(7v, a, p, A)

is equivalent to the following second-order condition on F':

Lo <F<s +za(1/F(s)))
stalh) A(L/F(s)) F(s)

- Qv(x)> =G, p(x), when 1+~yx >0,
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where Q4 and G, are functions that are continuous at 0 with @, (0) =1 and G, ,(0) = 0, see
Theorem 2.3.8 p.48 in de Haan and Ferreira (2006). This equivalent second-order condition
is known to be true locally uniformly in x, see Theorem B.3.19 p.401 in de Haan and Ferreira
(2006). Taking s = U(t) and = = €A(t) for |¢| arbitrarily small, mimicking the first seven
lines of the proof of this Theorem B.3.19 p.401 in de Haan and Ferreira (2006) leads to
tE(U(t)) = 1+ o(|A(t)]) and then to
E(UY) =U) Ly =1 /7w )

FU())
= tE((UY) = UO) Lyys1/Fw)y) (1 +o([A®)])-

CTE(r) —q(1) =

Moreover

E(UY) =U)y o1 pweyy) —EUY) =U@)Lysn)l

< [U/FU) - U]« @) -1 =o (“Plae )

t

using the fact that the extended regular variation property satisfied by U holds in fact locally
uniformly in z > 0, see Theorem B.2.18 p.383 in de Haan and Ferreira (2006), and taking
r=ux(t)=1/tF(U(t))) — 1 as t — oo. This entails

CTE(7) — q(7)

tE((UY) = U(#)Ly>y) +ola()[AD)])

' / T (U —U) j? T o(alt) | A(H))).

Since

oo 1
[ ww =) = == [ (o) - a(r)ds = BS(r) ~a(r)

this shows that
CTE(r) —q(r) _ ES(7) —q(7)

a(l=7)71)  a(l-7)7")

The change of variables y = tx then yields

ES(r) —q(r) _ [ U(tz) —U() do o
U= ) T el

Combining (i) with condition v < 1, we obtain

=L ([ )

oo xT S d
+ A(t)/ {/ g1 (/ up_ldu> ds} 4y o(Aw).
1 1 1 T
Use finally the identity

[ {/1 o </ “d“> ds} e (s
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valid for b < 1 and b+ ¢ < 1 to conclude the proof of (ii).

(iii) This is a consequence of (ii) and the convergence a(t)/U(t) — v+ =y as t — oc. O

Throughout this appendix, for 1 < a < 2, we denote by Z, a unit, right-skewed stable

random variable having Fourier transform

E (%) = exp (—\t\o‘ {1 —itan (%) sign(t)}) .
We also recall the notation I' : 2 € (0,00) — I(z) = [;*¢" e !dt for Euler’s Gamma

function.

The following lemma is a central limit theorem for sums of Pareto random variables. It is the

fundamental tool for the proof of Proposition A.1 below.

Lemma A.4 (Limiting behavior of sample averages of Pareto random variables). Let (Y;) be

a sequence of independent unit Pareto random variables.

[Case v < 1/2, finite second moment] When v < 1/2, we have

7_7 d v
( 2% )HN(O’u—w?(l—zw)'

[Case v = 1/2, infinite second moment, phase transition] We have

vk (Z\f >—>N01)

log

[Case 1/2 < v < 1, infinite second moment] When 1/2 < v < 1, we have

(i) (e (5) e

Proof of Lemma A.4. First and foremost, for any @ < 1, E(Y?*) = 1/(1 — a). The first

convergence is then an obvious consequence of the standard central limit theorem.

To show the second and third convergences, we follow Section XVIL.5 of Feller (1971), which
provides a unified treatment of the two cases. Equivalent results can be obtained by applying

Theorems 1 and 2 in Geluk and de Haan (2000). Let = ., be the truncated second moment
function of Y7, defined by

x 1 xr
Ve > 1, p(x) = / y’P(Y7 € dy) = 7/ y' ~dy
- 1
1
2v—1

(2 V7 —1) ify e (1/2,1),

2logx if y=1/2.
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Then the sequence
2y —-1)7kY ify e (1/2,1)

VETogk if v =1/2

clearly satisfies a, — oo and ku(ay)/a2 — 1. Furthermore, the random variable Y7 is such
that

ap =

Vy>1, P(YY< —y)=0 and P(Y"? >y) =y /7.

The random variable Y7 therefore satisfies the conditions of Theorem 2 in Section XVII.5
of Feller (1971); note that its balanced tails condition (5.18) implicitly allows that one tail is
regularly varying and dominates the other, as can be seen by comparing this condition with
the setup of (3.17) and (3.18) in Section XVIL.3 of Feller (1971). By Theorem 3 in Section
XVIL.5 therein, .
alk (;{Yﬁ - E(W)}) W, (A.13)
=

where Wy, has a stable distribution with Fourier transform

[Note the typo below (3.19) in Section XVIL.3 of Feller (1971), which should read “here the
lower sign applies when ¢ > 0, the upper for ( < 0”, as can be seen by comparing (3.19)
with (3.11) therein.] The result is then immediate for v = 1/2. When v € (1/2,1), the above

Fourier transform is also

B () = exp (17 {20 - DEE T os () Ha - itan () simio }).

Rephrase then convergence (A.13) as
k
(1 1 d — d I'2-1/v) m !
1=y Z v _ - _ gl )= 7 -

k (k;y 1_7>—>(2y 1) Wl/A,_{ o1 O Zyy (A4)
to conclude the proof. O
Proposition A.1 below gives the joint asymptotic behavior of the empirical counterpart of
the Expected Shortfall and the empirical quantile at intermediate levels. It is the key to the
proof of Theorem 1. Before proceeding to the statement and proof of Proposition A.1 it will

be useful to recall a couple of results linked to Rényi’s representation of order statistics from

an independent unit exponential sample (see p.37 in de Haan and Ferreira, 2006), as this
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will be an important tool in some of our proofs below. Let (E1,..., E,) be independent unit

exponential random variables: one has

o n—j+1 r<icn
Consequently
. n—it1 B n—k
(En—it1n — En—pm)1<i<k; En—kin) = ‘ > ﬁ P2 + T
j=n—k+1 1<i<k 71

(A.15)
It follows in particular that (En—i+1:n — En—k:n)lgigk 4 (Ek—i—i-l:k)lgigk and thus that, for

any measurable function f on (0, c0),

k k k
1 al 1
% Z f(Enfz?H:n - n k: n = E Z i % Z n i+1n — En—k:n) ui En—k:n~
i=1 i=1 i—1
This can be equivalently rephrased in the following way: if (Y7,...,Y},) are independent unit

Pareto random variables, then for any measurable function f on (1, 00),

k k k
1 a1 1
% E f(Yn7i+1:n/Yn—k;n = E E i E E n i+1: n/Yn kn) ui Yn k:n- (A~16)

[This follows from the fact that if Y is unit Pareto, then log Y is unit exponential.] A particular

consequence of that is the law of large numbers

k

E 2 fOian Vo) S BGO) = [ 1) (A17)

X Xz
=1

valid as soon as x — x~2f(z)1 {z>1} is integrable. This convergence will mostly be used with

the following choices for f:

e For f(z) = 2%{ [ s’"'ds} with a < 1 and a + b < 1, yielding

E<Y“{/1Ysb_1ds}> = (1_a)(11_a_b). (A.18)

e For f(z) =z*{[ s* 1(J u'du)ds} witha < 1, a+b <1 and a+b+c < 1, yielding

g (Ya{/ly o () o) - ey 49
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e For f(z) = ao{[] s*71(f] u"tdu)ds}( [ s ds) witha < 1, a+b < 1, a+b+c <1,
a+d<l,a+b+d<landa+b+c+d<1,yielding

E <Y“ {/j st~ </1 ucldu> ds} </1y sd1d3>)

- (1—a—b—d)(l—a—b—c—d)+(1—a)2—2a—2b—c—d)
(l-a)l—a—-d)(1—-a—-b(l-a—b—d(l—a—-b—c)(l-a—b—c—d) (A.20)

We also note the following two lemmas (possibly known elsewhere) used in the proof of Propo-

sition A.1. We provide concise proofs of these auxiliary results for the sake of completeness.

Lemma A.5. Let f be a measurable positive function on (0,00). Assume that there are o € R,
B <0 and a measurable function C having constant sign and converging to 0 at infinity such

that the following property holds: for any §,& > 0, there is tg > 0 such that for t,tx > tg,

t T
f(tz) e — C(t)xo‘/ s971ds| < e|C(t)|z° P max(2®, 70).
ft) 1
Then if (Y1,...,Y,) are independent unit Pareto random variables, and if k = k(n) is a

sequence of integers with k — oo and k/n — 0, one has

f(Yn—k:n)
f(n/k)

Proof of Lemma A.5. It follows from Corollary 2.2.2 p.41 in de Haan and Ferreira (2006) that
% m—kn = 1+ op(1), and in particular that Y, k., L. 5. Use the assumption on f with

_ (iyn,m>a = op(|C(n/k)]).

t =n/k — oo and tx =Y,,_j., to obtain, for any § > 0,

(6% o %Ynfk:n
n n 1

o
a+pB+d
+or <|c<n/k>r (5o ) .

Use again the fact that %Yn,lm = 1+ op(1) to complete the proof. O

Lemma A.6 (Asymptotic (random) inversion lemma). Let X1,..., Xy, ... be independent and
identically distributed random copies of a random variable X satisfying condition Co(v, a, p, A).

Let k = k(n) — oo be a sequence of integers such that k/n — 0 and VEA(n/k) = O(1). Define

~

1 n =~ ~
Fo(z) =~ 2_; Lix,<qy and Fp(z) =1— Fy().
Then
n= P

Vi (EFn(Xn,km) - 1) 0.
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[This sample analog of the identity F(q(7))/(1 —7) =1+ o(|A((1 —7)~1)|) (see the proof of

Proposition 1(ii)) is obvious if F is continuous, since then F, (X, _k.n) = k/n.]
Proof of Lemma A.6. Fix t > 0 and write
\F‘k nkn_1’>t<:>\/>( (ank:n)_1>§_t

because %H(Xn_;m) < k/n. Then clearly

n= k t ~
n RERIES _h o L) < ).
\/E‘an(Xn_k,n) 1‘ >tel-- <1 \/%> < Fo(Xppon)

Since a — X[pqa]:n is the left-continuous inverse of ﬁn, one has o < ﬁn(x) < Xnalin < @ for

any a € (0,1) and = € R. We obtain
f‘k Knen *1‘>“:’Xn KOt/ VR S Xn—tin

or equivalently

P (VR 1] 1) < (e )

where qg is a function that is asymptotically equivalent to a in a neighborhood of infinity and

such that Corollary 2.4.6 p.52 in de Haan and Ferreira (2006) applies. Using this theorem,

one finds Xooton = X et 1t/ VB! )
vk n=[k(1=t/Vk):n +/ 27z | — 0.
ao(n/k) 1
Consequently
Xn—km — Xn_ _ ‘n
V: KO- Bl 7, g
ao(n/k)
and then
~ Xp—ton — X
n= n—kmn n—|k(1—t/VE)|n
e ) =1 >¢t) = >
IF’(\/E’an(Xn_k,n) 1( > t) P(x/% ) +t_t> 0
as required. O

Let here and throughout X3, ..., X,, be independent and identically distributed random copies
of a random variable X satisfying condition Ca(7, a, p, A). We are now ready to state and prove
Proposition A.1 and, in passing, that the estimator E\Sn(Tn) is asymptotically equivalent to

the two, a priori different estimators

" Xilx, . L[
> 1 (XX nm1nd 4 ESEI )<Tn) = / qn(t)dt
Zi:l :H-{X7,>X]'n7'n'\n} 1 T i

when 7, is intermediate.
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Proposition A.1 (Joint weak convergence of Esn(Tn) and the empirical quantile). Suppose
that X satisfies condition Ca(7,a, p, A) with v < 1. Let 1, T 1 with n(1 — 1) — oco. Let also

n(l —7y,) if 0 <y <1/2,
() = /1l —7,)/log(n(1 — 7)) ify=1/2,
(n(1 — 7))t if1/2 <y < 1.

Then, if v, (7)A((1 — 7,) 1) = O(1), one has

v E/Jgn(Tn)_X[nTn]:n _ 1 _ 1 _ -1 X[nTn]:n_Q(Tn)
"”)< (-r) ) 1=7 A=mi-q-p ™ @ )
( 1+y4+29° ¥
N | 0, (I-7(1-2y) 1-9v iy <172,
0 1
N 11—~
(N(0,4), 0) ify=1/2,
re-1/v) m\)" :
( { 1y —1 os<27>} VAV 0) if1/2 <y < 1.

If moreover \/n(1 — 1,)A((1 — 7,)~1) = O(1), then

= ==
ES”(TN) - X[m— Iin 1 ESn (Tn) - X[m— Iin 1
n o — — Un - 1
(¥ (7) ( a((l—Tn)_l) 1_7 (Y (/7 a((l—’rn)_l) 1_7 +O]P’( )
=2
ESn (TTL) - Xfm' 1n 1
= Un e — 1
Oy Ty ) e
and the above bivariate convergence result holds with E/Sn replaced by either E/]\SS) or I?]\Sff).

Proof of Proposition A.1. Set k = n — [n1,] = [n(l — 7,,)], so that k = k(n) is a sequence
of integers asymptotically equivalent to n(1 — 73,); in particular, ¥ — oo and k/n — 0. Note
that X770 = Xp—kmn, and therefore ]:]\Sn(rn) = E/gn(l — k/n). Besides, a combination of
Theorem 2.3.3 p.44 in de Haan and Ferreira (2006) with Theorem B.2.18 p.383 in de Haan
and Ferreira (2006) applied to the function ¢ — ¢ 7Va(t) yields, for any d,e > 0 sufficiently
small, that for t,tx large enough,

a(tx) — a7 — Ag(t)a” /x P14

a(t) 1

up to replacing the function A by a suitable, asymptotically equivalent function Ay. Since

< | Ag(t)|z7 P max(a®, 27%) (A.21)

clearly
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it follows from Proposition 1(i) that

a(m) —g(L=k/n) _ (1 N oD
ST —O<n<1_m>)+<’f‘““ ) (UMQ, (4.22)

and from (A.21) that

(=) oL )., NN
a(n/k) 1—O<n(1_m)>+ (JA((L = 7)) = (vn(7)>. (A.23)

We split the proof into two parts.

Step 1: Convergence properties of ]:Jgn(rn)

From Equations (A.22) and (A.23) and the convergence A((1 — 7,)~1)/A(n/k) — 1 (coming
as a consequence of the regular variation property of A) it follows that it suffices to work in
the setting 7, = 1 — k/n with k = k(n) a sequence of integers such that k& — oo and k/n — 0,

in which case

o~

k
Esn(l - k/n) - Xn—k:n = Z(anzﬁrl:n - Xn—k:n)'
=1

T =

With this in mind, we consider two cases.

Case v < 1/2: Recall the notation of (A.6) and (A.7), and use the versions of a, and A,
such that (A.8) holds. According to Theorem 2.4.2 and Corollary 2.4.6 pp.51-52 in de Haan
and Ferreira (2006), up to enlarging the underlying probability space, one can construct a

sequence of standard Brownian motions (W,,) such that for any € > 0,

X, o — Xp—k: 1/s
sup min(1, s7HY/2He) |V [ =2 Lksn o —/ 277 1dz
Sup, min( ) 0. () 1
— (57T Win(s) = Wn(1) = VEA(n/E)T, ,(s™1)] == 0

P

and — 0.

KXn—kin — Q(l — k/n) _
Vi eI Wo(1)

Then

ank:n B Q(l — k/n) _ o
vk ey = Wi (1) + op(1)

because a, and a are asymptotically equivalent in a neighborhood of infinity. Also

! Xn— lks]in — Xn—kn - 1/s 1 _ 1
/O (ﬁ < o (7 /1 27 dz> VEA(n/k)T, (s )) ds

1
= [ ) = W0 ),
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In particular

- : VX ks — Xn—k: 1 1
KXn—it+1n — Xn—km n—|ks|:n n—k:n
= = — . A.24
k Z a,(n/k) /0 (k) BT, TO (@) (4.24)

Let, as in the proof of Proposition 1(i), ¢(v,p) = —1/pif p < 0, =1/~ if p = 0 and v # 0,
and 0 if vy =0 and p = 0, as well as d(p) = 1/p if p < 0 and 1 if p = 0, so that a,(t) =
a(t)(1 4+ c(y,p)A(t)(1 + o(1))) and A.(t) = d(p)A(t)(1 + o(1)). Combining (A.12), (A.18)
and (A.19), one obtains
(

28 i) [0 = [ (<) [k iy (0)) &

1—~ x
AL ()l
_ ! . (A.25)

(=71 =7-p)
Combining (A.24) and (A.25) results in

c

1 i Xn—i—i—l:n - Xn—k:n 1 1
ﬁ(@ awlk) 1y (1—7)(1—7—p)A<n/k)>
1 b ani m Xn—k:n 1
:\/%<k:; wh 1—7) (1+or(l))
c(v,p) k) — 1 n o
P VR = Ty VAT o)

o ! anLksJ:n — Xn—km - 1/s 1 _ 1 o
_/0 (JE( a7 /1 Pl dz> VEA(n/E)T., (s )) ds + op(1)

:/0 (s~ W (s) — Wi (1))ds + op(1).

Since Cov(Wy,(s), Wy (t)) = min(s,t) for any s,t > 0, it is readily checked that

. 1+ +29? v

(/ (s~ Wa(s) — Wa(1))ds, an)%/\f 0, | -0 =27) 17

0 T 1
L=~

The conclusion follows in this case.

Case 1/2 <~ < 1: Let (Y;) be a sequence of independent unit Pareto random variables. Recall
from Corollary 2.2.2 p.41 in de Haan and Ferreira (2006) that £V, ., = 1+ Op(1/Vk), and
in particular that Y, _g., . Apply Proposition 1(i) to get

Xn—km — (1 - k/n) d U( n—k: n) - U(n/k) _ (%Ynfk:n)’y -1
a(n/k) a(n/k) gl
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By Corollary 2.2.2 p.41 in de Haan and Ferreira (2006) again, we obtain

ank:n_Q(l_k/n) _ L(f}/) on(v n =0
() AL E) o, (29 4 ono, () A (/D) = 0e(1),

Besides,

k
Xn— H—l n— Xn—km d a Y,— k n ]— Y- H—l n - U(Yn—kn)
E = Z g . A.27

Pick 6 > 0 such that v+ 6 < 1. By Proposition 1(i) again,

k
Z n H—ln - U(Yn—kn Z n i+1: n/Yn kn)’y -1

k Yn—it1n/Yn—k: s
1 n—i+l:n n—k:n
+ A(Yn—m) X Z Z/ s71 (/ uﬂl> ds
=171 1
k +6
1 Yn—i—i—l:n)’y
T op(|A(Y, k)]) % = Initlin . A28
T R (29

Using Lemma A.5 applied to the function a (which, by (A.21), satisfies the uniform inequality
required in that Lemma), the fact that %Yn_k:n =14 Op(1/Vk), and the regular variation
property of A, we obtain

7a(Yn_kn)_ o b and v = n o =
S 1+P<UM> 4 00 (1) A(Yr_gen) = 0a(1) A/ R)(1+0p(1)) = Op(1). (A.29)

Combining (A.16), (A.18), (A.19), (A.27), (A.28) and (A.29), we find

Xn—it1n — n—kmn d 1 - Yiv_l 1 n o 1
kzz a(n /) —(kZ TR ) e A P(mw))

=1

(e ()

k<o k
EZYi -1 1 1 EZW—L
k < ol 1—v v ki:l 1—x

=1

X

Apply Lemma A.4 to

in order to complete the proof in this case.

= 2)

Step 2: Asymptotic equivalence between ES,, (tn), ES,, " (m,) and E/JSEL

(7n)
Recall that in this part of the result we assume moreover /n(1 — 7,)A((1 — 7,)~1) = O(1).

Clearly ES( )( n) = ES( )(1 — k/n), and thus, by Equation (A.23),

E/)-éfll) (Tn) - X(nTn]:n _ ]égs)(l - k;/n) - Xn—k:n 1+o0 1
a((1—7)7") a(n/k) nl-m.)))

o1




Furthermore,

B8 (1 = k/n) — X jon = 2 (Xs = Xoken) x> X0 nd _ it (Xnmicrtin — Xnkin)
n—kn — -
" Z?:l :H'{X2>Xn7k:n} Z?ZI :H'{X'L>Xn7kn}
so that, by Lemma A.6,
k
E’B(l)(l . k‘/n) _X fon = %Zizl(Xn—i—I—l:n - ank:n>
n n—kmn — -

— ;g(XniH:n = Xn—ten) (1 +op (\}E))
e e =1}

Since obviously

1

—~ n ~ ~
Bu(r) = X = 3 [ @0 ~@l1 — km)

n(l —1y,) 1

1
=M [ @ - dumar

(510 ) 1))

one finds

=2
. Esn (Tn) - X]'nTn‘\:n o 1
a1 <1 or < n(l— Tn)>> '

Applying the convergence result obtained as a first step completes the proof because in any

of the cases considered v, (y) = O(y/n(1 — 7)). O

Proof of Theorem 1. Write

E/jén(Tn) — ES(Tn) Eén('rn) - X|'n7—n'|;n X|'n7—n'|:n - q(Tn) ES(Tn) — q(Tn)

a(l=7)"Y) —  a((l=m)"Y) a((1 —7)71) a((l—m)~1)

Set, as in Proposition A.1,

n(l—m,) if 0 <vy<1/2,
vn(7) = ¢ /(1 —7)/y/log(n(1 —7,)) if v =1/2,
(n(1 — )t if1/2<~y<1.
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Combine Proposition 1(ii) and Proposition A.1 to get

o) (EAsn(rn) — Xpnrn BS(70) — q(m)  Xpnralin — q(m)

a((1=7)71) a((l=m)~") " a((l—7a)7")

147+ 292 ol
0 1
4, 11—
(N(0,4), 0) ify=1/2,
r2-1/y) m\\” :
— Z 0 f1/2 <~y < 1.
G (3] 2m0) 2
The result is now a simple consequence of this joint convergence property. ]

Proof of Theorem 2. Note that
EA:Sn(Tn) — ES(7,) _ Xﬁmﬂin —q(7a) 1 a,((1— Tn)il) _ T — Y
(L= 7)) ‘am—mrw*k—%<mu—mwv Q*u—%m—w
__{IES(Tn)__Q(Tn) 1 }'

a(l=r) ) 17

The result is then a simple consequence of Proposition 1(ii). ]

Proof of Theorem 3. Recall the notation d,, = (1 — 7,,)/(1 — 7,,) and start by writing

ES, () —ES(r5) _ ESu(m) —ES(m) | (@n(l—m)"Y) L —
(- all-m) ) ( a((1—7,)7h) 1) 1—%/ md

~ d d d
— no__ 1 n o __ n
+ Zn i / s lds + —— (/ s 1ds —/ s'y_lds>
(1=7)(1 =) /s 1—7 1 1

_ (BS(7) —ES(m) 1 dns_l )
(am—mrw = Vd)' (A.30)

Now, for any ¢t € R,

fdn t— 1d8
JiTs7ds

— 1 < sup [s'77 = 1] < [t — 9] log(dn) exp(|t — 7|log(dn))

1<s<d,,

by the mean value theorem. Since log(d,,)/+/n(1 —7,) — 0 and 7, is v/n(1 — 7,,) —consistent,
this yields
fld" sinlds p

fld" s71ds

Besides, a straightforward calculation gives

1 dy —1 .
d, - <d7l log(dy,,) — > if v #£ 0,
/ s7 1 log(s)ds = 7 N 7 (A.31)
' log Q(d”) if ~ = 0.
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As a consequence,

dn 7, —1
1 Tnid
—~% and L' i —_. (A.32)
Ji™ s7 1 log(s)ds Ji™ s7log(s)ds

Furthermore, for any s € [1,d,]| and any ¢ € R, a Taylor expansion yields

|St—1 o S’y—l _ (t _ ,Y)S'Y—l log(s)‘ S M max su_
2 u€[y,t]

(t—7)?
2

dn dn dn
/ sTmlds — / 77 s — (3, — ) / s7 1 og(s)ds
1 1 1

/\n o 21 dn dn ~
< G 7)2 og( )/1 (87—1+37n—1)log(s)ds.

1

< (771 st 1) log? ().

It follows that

Since for any t € R,

fld” st=1log(s)ds

[ s=11 -
s og(s)ds

< sup |77 = 1] < |t — ] log(dy) exp(|t — 7| log(dy))
1<s<d,

by the mean value theorem again, one finds

fld” s log(s)ds P
fld" s 1log(s)ds

and thus
n(l —1,)

250, (A.33)
Ji 571 log(s)ds

dn dn dn

/ sTmlds — / 77 lds — (3, — 'y)/ s7 1 og(s)ds
1 1 1

Conclude from (A.32) and (A.33) that

ES,(r) ~BS(r) _ (@u((l-7)™) ) 1 [t o
o((1— 7)) +<a<<1—m>1> 1)1—%/1 md

~ d d d
— no__ 1 no__ n
+ ’ﬁz v / s lds 4+ —— (/ s 1ds — / 87_1d3>
(1- n)(l—’Y) 1 1—x 1 1

an((1—7,)" 1
s7 1 og(s)ds (a((((ll—Tn))l)) - 1)

dn " 7 1 log(s)ds
! 7= > /1 s7 og(s)ds (F, — ) + op (fl ;(1 l_gT( ))d ) . (A34)




[Note that indeed both sides are 0 when v = 0.] This makes it possible to write

ES(r,) —ES(r,) 1 dn -1ds
(1= ) ) 1—7% d

- (R ) s (- ) )
(G ) (= ) s

Recalling (A.21) and using the assumption p < 0 when v > 0 along with (A.31), we obtain

a(-7)"") (1 _ TA)” _ A((1 = 7))~ )da) (—/1) + 0(1)> ify >0, p<0,

a((l—m,) 1 1—m,
. ) o(|A((1 = 7.)" 1)) ify<0
dn
=0 (\/ﬁ/l s'Vllog(s)ds> . (A.36)

Combining Proposition 1(ii) and the assumption p < 0 when v > 0 again with the above
equality, Potter bounds (see de Haan and Ferreira, 2006, Proposition B.1.9.5 p.367) on the
function |A| and (A.31), we find

a(1—7,)7") (ESET —q(m) 1 >

a((l=m)~) \a(@=7)"")  1-v

_— - dn
=0 ((1 — T:) |A((1 — 7'7’1)1)|> +o <\/7”L1:lT/ 571 log(s)ds>
dn
=o(|A((1 = 7)) " H|d)) + (\/ﬁ/ s7 1 og(s)ds )

1 dn
=0 (\/m/l s71 log(s)ds> . (A.37)

Besides, Proposition 1(ii) and (A.32) yield

n(l—7,) (ES(Tn) —q(rn) 1 )
fld" s71log(s)ds \ a((l—7)~1)  1—1v
o(y/n(1 —7)|A((1 — 7)™ Y)]) =0o(1) ify>0, p<O,

2
A g

(1_7)(1_7_@4—0(1) ifv<0
_ g 0
“Maoa o e (43
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It is, finally, shown on p.137 in de Haan and Ferreira (2006) that
1- n ") — n dn —
. n( T ) { Q(Tn) q(il) _ / S’Y_ldS} .Y Y + 0(1) (A39)
Jim s7log(s)ds a((l=m)"") 7-+p
Combine (A.35), (A.36), (A.37), (A.38) and (A.39) to get
M) (B - BS() L [ =
fld” s11log(s)ds \ a((1—7a)"") L=y /i

Y-(1=29- —p)
(I =7)1 =y =p)(y-+p)

Report this together with (A.34) into (A.30) to complete the proof. O

— A

Recall that the Dekkers et al. (1989) moment estimators of the scale parameter a(t) at t =

(1 — 7,)~! and of the shape parameter 7 are respectively

aMom((l . Tn)fl) — X"nTn“nMél)(l - :}711;/,[31“)

n

1 M(l) 2

(2)
My,
where
[n(1—7n)] [n(1—7n)]
1 Xn—it1: 1 X
Mr(zl) _ lOg n—i+1ln and MT(L2) _ 10g2 n H—ln.
Ln(l - Tn)J ; X[m‘n]:n Ln(l - Tn)J ; X[n‘[‘n]:n

The main technical ingredient for the asymptotic analysis of these moment estimators is

Proposition 2, whose proof relies on the following lemma.

Lemma A.7 (Uniform inequality on logU). Assume that 0 < U(oo) = ¢q(1) < oo, that con-
dition Co(7, a, p, A) holds, and recall the definitions of a,, A, and V. , as in Equations (A.6)
and (A.7). Then, up to replacing the functions a, and A, by suitable functions a,p and Ay
such that a.o(t) = a.(t)(1 + o(|A(t)])) and A.o(t) = Au(t)(1 +0(1)) ast — oo, we have, for
any 0, > 0 sufficiently small, that for t large enough and all x > 1,

o (8 0) ([ )
AL (o) | < e (]U((?) ~ ] + 141 o

Proof of Lemma A.7. Work throughout with the versions of the functions a, = a.o and
A, = A, o that make (A.8) hold true. Take ¢ so large that U(t) > 0 and write, for any « > 1,

a,(t) U(tz) — U(t))
Ut)  a(t) '

logU(tx) —logU(t)  U(t) o
SOy R L G
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We treat the two cases 7 < 0 and v > 0 separately, and when considering v > 0 we shall deal
with the subcases p < 0 and p = 0 separately. Fix d§,¢ > 0 small enough; in particular, we

impose that § < —p in the case v > 0 and p < 0. Fix also € € (0, 1).

Case v < 0: It follows from (A.8) that

U(te) = U(t *
Vn >0, supz™" Ultz) — U(H) —/ s771ds| = O(|A(t)|) — 0 as t — . (A.40)
z>1 ax(t) 1
In particular,
Vn > 0, sup x_nw =0(1) as t — oc. (A.41)
z>1 a*(t)

These facts and the convergence a,(t)/U(t) — 0 motivate writing the identity

logU(tx) —logU(t) /‘” 14
1

0 ()]0 (2)
B U(t) o ay(t) U(tz) — U(t) B ay(t) U(tx) — U(t)
= W) {1 e <1 U0 wo ) U ) }
Ultr) ~U) [
+ —a*(t) /1 77 ds. (A.42)

We concentrate on the first term. By Taylor’s theorem,

2

log(1+h)—h+3

h3
ggforanyh>0.

Combining this for h = % tt)) M@)() > 0 with (A.41) results in

U(t) {log ( . c[l}((t) Ulte) — U(t)> a(t) Ulta) (—t)U(t)} 1a,(t) (U(tm) (—t)U(t))Q

ax(t) ) ax(t) Ult)  ax 2U(t) s
calt) s

=2u@)”

for ¢ large enough, uniformly in > 1. Then, using (A.40) and (A.41) again, we find

(1) )3 )

€ alt) z° (A.43)

for ¢ large enough, uniformly in z > 1. Combining (A.8), (A.42) and (A.43), we get, for ¢

large enough,

log U(tx) — log U(t) _/1 S1ds + & La.(t) (/w v—1d8>2 — A ()T p(x)

a.(t)/U (1) 2U(1)
<< (g + o) <o (G5 + 140 ) o fr a2 > 1.

57



Since, when v < 0,

/ s-—1 </ u_w_ldu> ds :/ Pl (/ u“’_ldu> ds =
1 1 1 1

the desired result follows in this case.

. 2
(/ 57_1ds) ,
1

N |

Case v > 0: One has

log U(tx) — log U(t)
ax(t)/U(t)

Uuit) 1
o) 7) (logU(tx) —logU(t))

1 a () Ultz) — U(#)
e <1+"’” T w

—log(z) = <

—(1- 33_7)> . (A44)

We start by controlling the first term in (A.44). To this end we use the convergence a(t)/U (t) —

v as t — oo in order to write

= (g ) a e

alt) v 7

2

where n(t) — 0 as t — oco. This results in

ult) 1 0 x) —lo
(29 - 2) togUtea) - rog e

_ U(t)il oo(x U(t)il fo) ) — 1o — ogl\xr
= (25 = 2 tosto) + (25 - 1) QogUta) ~ log U(e) ~ 7o)

1 ay(t)
=~ toga) (i) =) (+ ()

=5 (50 =) top ) ~ 05U (0) ~ 1081 + (). (A9

The function U is regularly varying with index =, so

Wz >0, lim log U(tx) — log U(t)
t—00 vy

= log(z).

This convergence makes it possible to apply Proposition B.2.17 p.382 in de Haan and Ferreira
(2006) to the function log U; combined with (A.45), this provides, for ¢ large enough,

‘ (g((?) - 1) (log U (tz) — log U(£)) + ~ log() <‘(‘J((;) - ’y) ‘ <c (‘g,((?) - ’y‘ 4 ]A(t)\) 2
T ! (A.46)

for all z > 1 (recall that |a.(t)/U(t) — | = O(|a(t)/U(t) — | + |A(t)|) by definition of a,).
We turn to the control of the second term in (A.44). When p < 0, note that (A.8) and (A.40)
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x ax(t) U(tz) —U(t) (1—277)= (a*(t) N 7) xi’y_ : + 2 T A1) ¥ p(2)

U aud) U
() (e )
e (HEZ 0 - Tt 40w (0))
() hin
to ( Z((?) - 7‘ + |A(t)\> (A.47)
uniformly in z > 1 as ¢ — oo. In particular
g a0 o (G o) o

as t — oco. Combine (A.47) and (A.48) with a Taylor expansion of z — log(1 + z) around

z = 0 to obtain

1 _ax(t)U(tz) = U(t) _
710g<1+37 ’YU(t) e -(1—=z 7))

e

uniformly in > 1 as ¢ = co. When p = 0, write instead the second term in (A.44) as

Liog (142 GOV 2O o) Tt 70 () — s 20(0)

a(t)
U(t)

— ’y’ + \A(t)]) (A.49)

Ut)  axt) gl
By Theorems 2.1 and 3.1 in Fraga Alves et al. (2007),
) 1 U(tx) v\ _ o~
Vo >0, tlgglom ( 0w 27 ) =27 log(x). (A.50)

Taking the logarithm in (A.50) produces the convergence

log((tz) U (tx)) —log(t"U(t))
A(t)

Apply then Proposition B.2.17 p.382 in de Haan and Ferreira (2006) to obtain that

Vx >0, tlggo = log(x).

llog((tm)*VU(tx)) —log(t7"U(t)) — A(t) log(z)| < €|A(t)]a:5

for all x > 1 when ¢ is large enough. In other words

Siog (140 @I IO o)) - awa (0
- ettt ) = 0e T e v, ()| < <l A0)? (A51)
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for all z > 1 when ¢ is large enough, because ¥., ,(z) = +z7log(z) when p = 0 and v > 0.
YsP ¥

Furthermore, Theorem 2.1 in Fraga Alves et al. (2007) guarantees that

i ==t (1= 240 +o(a0D) -

_a(t)
Ut

Conclude, from a combination of (A.44), (A.46) and (A.49) when p < 0, that

= A) + o(JA()]) = o(|A(®))). (A.52)

Tt~ loat@) + 2 (g —v) (roste) =)

- A0 W (o) < e (|50 -+ lacon) «

when t is large enough uniformly in > 1, and likewise from a combination of (A.44), (A.46), (A.51)
and (A.52) when p = 0 (since then A, = A). The result follows because when v > 0,

= s x s 1 -1
/ S’y,—l </ u_’yl—ldu> ds = / 8_1 </ u_w_ldU> ds - - <10g(x) - z > :
1 1 1 ! ! -

The proof is complete. O

Proof of Proposition 2. We prove the result by suitably modifying the proof of Proposi-
tion 1(i). Fix 6, > 0 such that the conclusion of Lemma A.7 holds. Write, with the notation
of Lemma A.7,

logU(tx) —logU(t) /"” -1
1

1 a(t)/U (75)1 ) m
S e () e
+ (C;*((tt)) B 1) <log U;fz))/—(}?gU(t) _/1 s’V—lds> _ (A.53)
By Lemma A.7, one has, for ¢ large enough and all z > 1,
‘<cz:((tt)) _ 1) <log Ua(fzct))/—[}?tg)U(t) B /190 Sv—lds)’ < % ( (C}((?) | |A(t)|> g:‘;.'54)

Use Lemma A.7 again to obtain, for ¢ large enough and all x > 1,

S [ (1) [ ([ )

— A Dz (x) ’ < % ( Z((?) S |A(t)y) 29, (A.55)

Recall the convergence a(t)/U(t) — v+ and, from the proof of Proposition 1(i), the notation
c(v,p) =—1/pif p<0, =1/vif p=0and v # 0, and 0 if v = 0 and p = 0, as well as the
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notation d(p) = 1/p if p < 0 and 1 if p = 0, so that a.(t)/a(t) — 1 = (v, p)A(t)(1 + o(|A(t)]))
and A, (t) = d(p)A(t)(1 + o(]A(t)])) as t — oco. Then

Sl = 5 = v A +o (| 1% = 7+ 140
and, for ¢ large enough and all > 1,
‘(C:((;)) - 1> /196 s7="Lds — ¢(v, p) A(t) /196 s1-"1ds| < §|A(t)\a}6. (A.56)

Conclude that for ¢ large enough and all > 1,

logU(tx) —logU(t) ‘”S 14
A7 il A

+ <g((?) -7 > /lx -1 (/18 u|7|1du> ds — c(v, p)A(t) /11 sT-—1ds

+ el [Tt ([Tubiotan) as - dp e w00
N

by combining (A.53), (A.54), (A.55) and (A.56). To conclude it is then sufficient to show that

c(v, p) </ s7-"1ds — qur/ s7-—1 (/ u_h'_ldu) ds)
1 1 1

+d(p)x™ W, (x) = :U_W/ 5771 (/ up_ldu> ds. (A.57)
1 1

+ \A(t)|> a?

A simple calculation proves the identity

/ s7-"lds —’Y+/ st (/ u_hl_ldu) ds ::E_W/ s771ds
1 1 1 1

so that (A.57) is in fact equivalent to (A.12), which was shown to be correct in the proof of
Proposition 1(i). Conclude that (A.57) holds, thus completing the proof. O

We may now proceed to the statement of Lemma A.8, which is nothing but a joint con-
vergence result for (MT(,,I), M,(?),X (nM:n). It is the key to the proof of the joint convergence
Lemma A.9 about ES,(7,), the corresponding intermediate empirical quantile X, 1., and
the moment estimators when « < 0, which is an essential ingredient in the proofs of Theo-
rems 4 and 5. Let us highlight that the present lemma is not a consequence of earlier results
by Dekkers et al. (1989) and Chapter 3.5 in de Haan and Ferreira (2006), because it does not
feature the restriction that v # p.
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Lemma A.8 (Joint weak convergence of the building blocks for the moment estimator). Sup-
pose that the tail quantile function U of X satisfies condition Ca(7y,a,p, A) with 0 < U(co) =
q(1) < 0o. Let k = k(n) be a sequence of integers with k — oo, k/n — 0, VEA(n/k) = X € R
and VE(a(n/k)/U(n/k) —vi) — u € R. Let further (Y;) be a sequence of independent copies
of a unit Pareto random variable Y. Define

k
MY = L3 1o UWnictn) g op@ - L S log? U¥Yn—it1:n)

" k i=1 U(Ynfkn) k izl U(Ynfkn) '
Then
U(Ynfk:n) 1 U(Ynfkn) 2 2 U(Ynfkn) - U(’I”L/k?)
Vi Dty 1] ) - ,
a(Ynfk:n) 1- V- a(Ynfk:n) (1 - 7—)(1 - 2’7—) a(n/k)
d
LN (ABY (0, BS (7,0),0) + (B, (1), B, (1),0), V)
where the bias terms in the limiting distribution are
1
IRV if v >0,
By, p) = 1 _ ) A+ =p)
AT A4+ (1= —p) 1 <0
1=y —=v-0p) ’
23 + 2y —4y- —2p —4p)
B(2) ,p) = +
A = A h - 20— - (-2 )
2(3+ 2y —2p—p) :
if v >0,
| Tara—y fr=
2(3—4v—2p) :
if v <0,
(I=7)1=27)1=v=p)(1—2y—0p) f7
1
. if v >0,
B0 o ) RREE fy >
o/U 1= )d=rv-+hD) _ if 4 <0
(1 =71 —=27) ’
2(3 4+ 274)
and B® =—
) = T T+ - 2+ D)
2(3+2) .
S Sl Ml 4 > (),
) @42 vz
B 6

Aoy 10
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and the covariance matrix 'V is

1 4
(1=7-)*(L=2v-) (1=7-)2(1 = 2v-)(1 = 37-) !
V= 4 4(5 — 117-) 0
(T=7-)2(1=29-)(1 =3y-) (1 =7-)*(1 =29-)*(1 = 37-)(1 — 47-)
0 0 1

Proof of Lemma A.8. Combine Corollary 2.2.2 p.41 in de Haan and Ferreira (2006), Propo-
sition 1(i) and the assumption VkA(n/k) = O(1) to get

U(Y_ten) — U(n/k) w¥notn d
Vi a7 = \/Efl s771ds 4 op(1) —= N(0, 1). (A.58)
Write then
a(Yn—gn)  a(n/k) _ a(n/k) <a(Yn_k;n) 1 a(n/k) U(Yn—gm) — U(n/k))
UYn-tn) U/k) UYp—kn) \ a(n/k) U(n/k) a(n/k) .

It follows from the fact that %Yn,km = 1+ op(1) and the regular variation property of U
with index v4 (use Corollary 1.2.10.1 on p.23 in de Haan and Ferreira (2006) when v > 0,
Lemma 1.2.9.3 on p.22 in de Haan and Ferreira (2006) when v = 0, and the convergence of
U(t) to U(co) € (0,00) when v < 0) that a(n/k)/U(Y—km) N ~v+. Recalling (A.21) and
combining Lemma A.5 for the function a with (A.58) yields

D~ gy = O or(D) ((fiykf “1- T <1k>) |

Consequently, from (A.58) again,

S ) (i) 2w

Now, combining Proposition 2 with (A.17), (A.59) and the regular variation property of A,
we find

(G - )

11— Y-
Yn7i+1:n/Yv7L7k:n 1 )

k
1
— - Y-—13¢ _
k(kz E s ds 1=

Vi (;(&/IZ)) - ’”) . </1Y o ([“Md“) ds)

+VEA(n/K)E <y7+ /1 Y o < /1 ’ upldu> ds) +op(1), (A.60)

63



Likewise, writing

<10gU( z) — log Ut ) 1 S% lds>

o0 x
=2(f o) (B [ o)
n (log U((l(t logU lx e 1ds>

we find

UV k) | gn2) 2
vk <{ a(Yn—f:n) } T T - 27—))

_ 1 b Yo—itin/Yn—kmn = 2 )
\/E(kz (/1 s7 d5> - (17)(127))

=1

e (G o) ([ e {[ Lo ([ o) o))
+ 2VEA(n/E)E ((/1Y 37—1ds> Y+ {/1Y s771 (/1 upldu) ds}) +op(1). (A.61)

Obviously
k Yoo /Y
1 n—i+1ln n—k:n 1
Ll = 7-—1qg —
vk (k > / e
k Yo itrin/ Yo 2 LA
1 n—i+ln/ fn—kn 2 nin—kmn
*Z / s-lds | — ,/ 7 ds
R\, G-—a-2")
4, N(03,V) (A.62)

by using (A.16) combined with the Cramér-Wold device, the fact that fly s7-"lds = logY is
unit exponential when « > 0, and the straightforward identity

Va, 8 > 0 with (v + 8)y < 1, Cov(Y*,YP7) = (1—av)(1 —%’57;(1 —(a+8)y)’

as well as the standard central limit theorem, and Corollary 2.2.2 p.41 in de Haan and Ferreira

(2006) for the asymptotic normality of the third component. From (A.62), it follows that it

suffices to compute the bias terms in order to complete the proof. Using (A.19) twice, we get

" (/Y o ([ as) =

8 (Y_% /1Y o </18 up_ldu> ds) T+ ’Y+)(11+ Y+ —1’Y)(1 +7+ =7 —p)

T+ hhA s )

and
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Using (A.20), we find after straightforward calculations that

([ ) [ (] o))

3—Ty_ + 672 + 2y
(1 =7-)2(1 =29 )(L == + 7D = 27— + 7))
3+2’}/+
(1 =7)A ==+ N1 =2y + 7))

and
Y Y S
E <</ 87_1d5> Y+ {/ Y7L (/ up_ldu> ds})
1 1 1
B 342y =Ty 4492 = 2p—yp+2yp
(T+74)2(1 =7-)2(1 =2y ) (L = v = p)(1 = 27— — p)
_ 3+27 =4y —2p—4p
(T +y:) T+ [y =29)A =y = p)(1 = 2y- — p)
The proof is complete. O

Lemma A.9 (Joint weak convergence of E/Jén(m) and the building blocks for the moment
estimator in the short tail case). Suppose that X satisfies condition Co(7,a, p, A) with v < 0
and 0 < U(oc) = q(1) < oo. Let 7, 1 1 be such that n(1 — 7,) — 00, /n(l —7,)A((1 —
7)) = AER and /n(1 — 7)) a((1 — 7)Y /q(mn) = p € R.

(i) One has
———ESu(ra) — ES(7)
T )
= /n(l — 7 X["Tn]nM;Ll) . 1 (]l — 7 X(nrn]:n_Q(Tn)
= /n(l —7) (a((l—Tn)l) T +v/n(l —1,) (1= 7))
A %
TU—i-a—p) T Aoy W

(i) The following joint weak convergence result holds:

a((T=r)™) Ta((T=m) ™) T T (=) )

d A B p AM1=7)(1=2y)  pl-9)
_>N<<O’(1—7)(1—7—p) (1—7(1=27) (1=y=p)(1—2y—p) 1—37’0>’C>

ES - XnT nMél) Xn‘r n n
n(l —7p) (ES”(T”) E8(rm) A fnral: L Mom _ ., Anml: Q(T)>
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where C = C(v) is the 4 x 4 positive semidefinite symmetric matriz whose entries are

2 1+ 2y 2y 1

Ci = , Ci2 = , Ci3=——7, Clu=——,
(1 —=7)(1—-2y) (1 —=7)(1—27) 1 —3y 1—v
1+7+272 2 v
Coo = , Co3 = ————, Uy = ——,
(I=7)(1—=2) 1 -3y 1—v

(1—7)%(1—29)(1 — v+ 67?)

N (T F )

, C34=0 and Cy =1.

This results in particular corrects Corollary 3.5.6 p.108 in de Haan and Ferreira (2006), in

Mom

which the reported asymptotic variance of 7, ™ — v is unfortunately incorrect.

Proof of Lemma A.9. (i) From Propositions 1(i) and 2, and with the notation therein, we
have, for any d,e > 0 sufficiently small (in particular, we choose § < 1), that for ¢ large

enough and all x > 1,

Ulte) —U(t)  logU(tz) —logU(t) a(t) 1 <:E'Y— 1>2

- _ 2 a(t) 5
a(t) a(t)/U(t) U2\ ~ 35( +|A(t)|> . (A.63)

U(t)

Besides, and as in the proof of Proposition A.1, it suffices to work in the case when k = n(1—7,)

is a sequence of integers, with then

Egn (Tn) - anTn]:n
a((1 = 7))

k
1 Xn—i m an n
replaced by % E +;(n/k) K
=1

Let then (Y;) be a sequence of independent unit Pareto random variables. Obviously

1 b ani+1:n_Xn—k‘:n Xn—k:nMng)

ﬁ(kz; a(n/k) " aln/k) )
d n kn l r U n— l+1n _U(Yn kn IOgU( n— z+1n) IOgU( n— kn)
\f n/k (k‘ Zz; kn) k Z (a/U)( n—k :n) )
so that
Xn— i+1m — Xn—km . Xn—k:nM7(Ll)
Vi a(n/) a(n/k) )
N2

S

d p

Ty W

by Equations (A.17), (A.18) and the uniform inequality (A.63), along with the convergence

% —ken, L 1 combined with the regular variation properties of a, U and A (see de Haan
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and Ferreira, 2006, Lemma 1.2.9 and Corollary 1.2.10 pp.22-23). This yields

a((1—7)71) a(l=7)"1)  /n(l— 1)
)

To conclude the proof of (i), write

E/Jén(Tn) - anTn]:n X]—nTn-\ TLMTELI) 1 < M
(1=2)

= (1 — 27) + O]p(l)) . (A.64)

by (A.64) and Proposition 1(ii).

(ii) Using (i), straightforward calculations show that it suffices to prove that, again when

k =n(1l —7,) is a sequence of integers,

D R T P, CE e 2 Xp_pm — q(1 — k/n)
ﬁ(@(n/kﬁ)Mn 1—V’{a(n/kﬁ)} M (I=7)(1—2y)’ a(n/k) )
d A 1
SN (=i - ey
2(3 —4vy —2p)\ B 6 O)
(I-=-A=29)0=7=p)A=2y=p) (1 —7)(1—-27)(1-3y)
1+ + 292 4(14+~% - 3+?) v
(1= ~-27) (1 =721 —27)(1 - 3y) 1—vy
4(1 +~% - 393) 4(5 — v+ 272 — 24+3) 4ry
(I=21=29)1-3y) (1-721-27)1=-30)1-4y) (1-7)(1-27)
e by 1
11—~ (I=7)(1—=2)
(A.65)
Mom _

Indeed, if this convergence is true, then a simple linearization of 7,

B == (a0 {2 (G - 1)

g (ﬁi@% } M~ 27)) } vor ()
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and straightforward matrix algebra gives the desired convergence. With the notation of
Lemma A.8, the random vector on the left-hand side of (A.65) has the same distribution

as

Un—kn) gp) 1 [ Ukn) pie) 2 U(Yn—n) — U(n/k)
ﬁ( atnfk) 1—7{ a(n/k) } SR T a(n/k) )

Now, by Lemma A.5 applied to the function a (which satisfies the required second-order
inequality, see (A.21)), Lemma A.8 and (A.58),

L—n
_ ( ) (1) L a(Yn—k:n) i U(Yn—k:n) (1)
f(“ Yo kn)m 1_'Y> +\/%( a(n/k) 1> a(Yn—kn) T
B U(Y, n) 1 ~ U(Yy—kn) —U(n/k)
_\/E(a(n:n) (1)—1_7>+1_7><\/% Z(n/k) +op(1).

- 2
(I=7)(1—=2)

-V ({M}mw fiere 27))
Vi <a(Yn—k:n) B 1) < a(Yn—kn) N 1> {U(Yn—k:n) }2931,(12)

a(nfk) a(nfk) Vo ton)
_ U(Yoken) | gp@) 2
f <{ a(Yn k:n) } gﬁn (1 - 7)(1 - 27))
4ry U(Yn,k;n) — U(n/k)
taopa=e <V e W)

Convergence (A.65) now follows immediately from Lemma A.8 and straightforward, if bur-

densome, calculations. ]

Our final auxiliary result will be useful when establishing the asymptotic properties of moment-
based extrapolated Expected Shortfall estimators. This lemma can be seen as a complement
to Theorem 3.5.4 p.104 in de Haan and Ferreira (2006), because it provides a unified repre-

sentation of the bias term of FMo™,

Lemma A.10 (Convergence of 3M™). Suppose that X satisfies condition Ca(v, a, p, A) with

0 < U(co) = q(1) < oco. Let 7, T 1 be such that n(1 — 1,) — 00, /n(1 — 1) A((1 — 7,)71) —
A €R and /n(1—7)(a((1 — 7)Y /q(m) —v4) = 1 € R. Then /n(1 —7,) @ANO™ — 5) s
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asymptotically Gaussian with mean \by (7, p) + pwba(7y), where

(1+7+7%—py? ,
>
(720 p)? Tzt
bi(v,p) =
(1—7)(1—27) iy <0
1=v-p(A-=2y-p) ’
v .
At if v =0,
and ba(y) =
o (0+) ifr <0
C (1T =7)(1-3y) ’
and variance
7 +1 if v >0,
1—~)2(1 = 29)(1 — 62
(1= )L — v+ 6v%) if~ < 0.

(1=37)(1 —4v)
Proof of Lemma A.10. Recall that AMo™ = M+ ’yMom Set k = |n(1 —7,)]: in particular
k — oo, k/n — 0, VkA(n/k) — X (because of the regular variation property of A) and
VE(a(n/k)/U(n/k) —v4+) — p (using Equations (A.22) and (A.23)). Note that

—(1) 9 —1
<Ivlom a Yn_ m) ar 1 mn
(MED — np Ahom — ) £ ((k)fmg) —rl-g (1 - (7(2)) ) 7)
m

U(Yn—k:n)

n

where, letting the Y; be independent copies of a unit Pareto random variable Y,

5 0) U(Yn—k n } Y, — i+1: n)
ait) — § Lnken) logl Lnzixtin)
{ a(Yn—kz mn k Z n k: n)

Recalling (A.59), a straightforward linearization then yields

om d (1 1 1
T P A L T

1—~_ VEL ==
V2] — o (s 1 1 -2y (@) 2
1=2-ra 27_){ 2<m” 1—7-) T <£m" (1—7—>(1—2’Y—)>}>
+ op (\}E) . (A.66)
Conclude that
A=) =) = s Ve m) @ =) bor(1)  (A6T)

when v < 0, so that the result is an immediate consequence of Lemma A.9 in this case. When
v > 0, Equation (A.66) yields

Mo d (1)
W= r) @ ) & (=) (T 1) + 1

and the result follows from Lemma A.8 and straightforward calculations. O

(931(2) 2) + i+ op(1)
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Proof of Theorem 4. We consider three cases: 7 < 0, then 0 < v < 1/2 and finally 1/2 <
v < 1. As a preliminary step we note that when v > 0 and p < 0 one has, according to
Theorem 4.2.1 p.131 in de Haan and Ferreira (2006),

(@ —n))
(1 n)( =)o) 1)_0[?(1). (A.68)

Case v < 0: Recall that

aMom((l _ Tn)il) — X[nTn]nMél)(l - ;Y\rl\L/,[Em)

n

It immediately follows from Lemma A.9 that

ap " (1= 1)) Xl 1 )

11— 1) =(1- 11—, -
o) (M g 1) =0k Vi) (a((l e R
1
L=y
Recalling (A.67) and applying Lemma A.9 then yields, after straightforward matrix algebra,

Bu(r) ~ ES() (= )™) | cyiom )
”“‘Tn)( R T R I _'V>—>(ZI°C’Z“"’“6’ZW)

x /n(l— 1) ™ — v) +op(1).  (A.69)

where the vector (Zioc, Zscales Zshape) 1S trivariate Gaussian with mean vector defined as

E(Zloc) = 0,
E(Zscale) =-A P + U Y :
I=y=p)1=2y—p) " (1-29)(1-3y)
and IE(Zshape) = A (1 _ 7)(1 — 27) _ 7(1 + '}’)

I—r=p-27—p) "A=71=-3)

and with covariance matrix

2 1—4y—~2+69° 2y
(1=7)(1—2y) (1 =71 =27)(1—3v) 1 -3y
1— 4y — %+ 693 2 - 16745172 — 6997 + 500" =247 (1—9)%(1 — 4y +129?)
(I=7)(1 =271 —3) (1—=29)(1—=37)(1—4y) (1 =371 —4v)
2y (1= =4y +1297) (1-9)2(1 =291 =7+ 6%
1—3y (1=37)(1 —4v) (1 =37)(1 —4v)

The result now follows from a direct application of Corollary 1.

Case 0 < v < 1/2: In this setting, the result is an immediate consequence of Corollary 2,

whose assumptions are fulfilled thanks to Theorem 1, (A.68) and Lemma A.10.

Case 1/2 < v < 1: Let, as in the statement of Theorem 3, d, = (1 — 7,)/(1 — 7}). By

Equation (A.31),
1

dn
/ s7 1 log(s)ds = —d log(d,)(1 + o(1))
1 v
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and since 1/d,, = O(1/(n(1 — 7,))) — 0, one obviously has

! = o(d;) = o((n(1 — 7)) ™).

fld” s71log(s)ds

Consequently /n(1 —7,)/ fld" s7 1 log(s)ds — 0. Combining Theorems 1 and 3 with (A.68)
and Lemma A.10, we get

E/)\S; 7)) — ES(7}, 1 N
w1 7) ) 2B L a7 — ) + o (1)
a((1 =)~ 1) f{" s7 1 log(s)ds 1=
The conclusion again follows from Lemma A.10. O

Proof of Theorem 5. We split the proof into two parts: we first consider the case v < 0 and
then the case 0 <~ < 1. As a starting point we note that in general, if E\én(’]‘n) is defined as
1

E\én Tn) = X[, :n+an 11—, -t =
(7) = X+ (1= 7))

where it is assumed that

o= (Kt = 4(m) @ (1 =)™
4 ")< (=)D al(l 7))

in which the trivariate random vector (Nioc, Nscales Vshape) has a nondegenerate distribution,

~ d
- 17771 - 7) — (Nlom Nscaley Nshape):

then a simple combination of Theorem 2 and Corollary 1 entails

ES,, (1) — ES(7,)

n(l —1,) :
a((1 —7,)=1) [/ 0770 =1 10g(5)ds
1 _
i> ’YENIOC - ’Y—Nscale + qNshape - )\'Y '7+ p~ (A70)

Case v < 0: Use Lemma A.9 in conjunction with (A.67) and (A.69) to obtain that

Xipr, 1 — () @¥O™((1—7,) )
_ [nTn]:m q n n 1 sMom __ d
"t T”)( (e e I (e e R ”) (Vioes Ncate Notape)

where the vector (Nioc, Nscales Vshape) is trivariate Gaussian with mean vector defined as

E(Nloc) =0,
E(Nycate) = —A P Ty J
e (I=y=p(A=2v—p) "~ (1-=29)(1-3y)
(1—7)(1—-29) Y1 +7)

i Blre) =A== ) T T8

and with covariance matrix

1 ¥ 0
2 — 167 + 5192 — 6993 + 509+ — 24+° (1—7)2(1 — 4y +129?)
! (1= 27)(1—37)(1— 4) T -3
0 C(1=9)%(1 = 4y +129%) (1 -1 —29)(1 — v +67°)
(1=3y)(1—4v) (1=37y)(1—4v)
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Combine this convergence with (A.70) to obtain the result after straightforward calculations.

Case 0 < v < 1: It is a particular consequence of Lemma A.8 that

X]'nTn‘\:n - Q(Tn)
a((1=7)7")

Combine (A.68), (A.71) and Lemma A.10 to get

n(l —7,)

= Op(1). (A.71)

Ty B ) B8() (1) nd i (=)D )
=) Sy = Ost) na VL= (B 1) = 0o

Use this in conjunction with Lemma A.10 and Corollary 2 to obtain the desired result.  [J

B Further details about the construction and finite-sample be-

havior of the corrected inference procedures

B.1 The Expectrem R package

We have implemented our methods in an R package called Expectrem, freely available on
GitHub?. The objective of this package is to provide methods for the estimation of certain
expectation-type quantities, such as expectiles and the Expected Shortfall. We have added

the following objects to the existing version of this R package:

e momentindex: For a dataset X given in input, this function returns the moment estimator
AMom ysing the k, (argument k) top log-spacings. The asymptotic Gaussian confidence
interval (with confidence level ci.level, default 0.95) derived from Theorem 3.5.4 p.104

in de Haan and Ferreira (2006) is also returned.

e extES: At a given probability level 7/, (argument tau), and for a dataset X given in input,
compute an extrapolated estimator of the Expected Shortfall at level 7/, using the k,
top order statistics (argument k). Setting the argument estim to "Hill" returns the
estimator E/)\SXV(T,’L) if method="direct", and E/)\EXV(T,’L) if method="indirect". Setting
the argument estim to "Moment" leads to E/JSZ(T,Q) if method="direct", and to E/E;(T;L)
if method="indirect". The associated confidence intervals at an asymptotic confidence
level o (argument ci.level, default 0.95), which are T’l‘(a), Tt («), TZ(a) and T}(a),

respectively, are also returned.

e ESexp, ESfrechet, ESgumbel, ESkumaraswamy, ESInorm, ESlogis, ESnorm, ESpareto,
ESrev_frechet, ESt, ESweibull: These functions give the values of the Expected Short-

fall (at a vector of levels specified by the argument probs) of the exponential, Fréchet,

’https://github.com/AntoineUC/Expectrem
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Gumbel, Kumaraswamy, log-normal, logistic, Gaussian, Pareto, reverse-Fréchet, Stu-
dent and Weibull distributions.

e flood data: The OpenFEMA flood claim amounts dataset used in Section 5.2.

B.2 Inference at intermediate levels

We consider here the intermediate setting when 7, = 1 — k,,/n with k, — oo and k,/n — 0
as n — oo. In this situation, ES(7,) may be estimated either by the empirical Expected
Shortfall E\Sn(Tn), or by its quantile-based semiparametric estimator ]:jén(Tn) To the best
of our knowledge, the literature on E/)\Sn(Tn) has previously focused on the case when X is
heavy-tailed and has a finite variance, that is, v € (0,1/2). In this case, Remark 1 suggests

the following (competitor) confidence interval at level 1 — a:

ES,(1 — k,/n)exp ( T\ 1= 2n Z1 a2 ||

Ti(e) =

where 2,_, /7 is the quantile of level 1—a /2 of the standard normal distribution, and 7Y = M,(Ll)
is the Hill (1975) estimator. This confidence interval is naturally restricted to the situation
~v € (0,1/2). A more general inference procedure can be obtained as follows: note that up to

a negligible bias term,

E\S ( ) ES Tn ~ i kz n—i+lm — Xn— knin 1 + Xn—kn:n - Q(l - kn/n)
a((1—m)71) kn = a(n/kn) I a(n/kn) '
Therefore

ES,(70) — ES(75)

d

a(Ynfkn:n) 1 I <U<Yn—i+1:n)_U(Ynkn:n) 1 >

a((l1—m7,)"1) a(n/ky) kn = a(Yn—kpm) L—n
1 G(Yn—kn:n) - U(Yn—kn:n) - U(n/kn)
1y < a(n/kn) 1> i a(n/kn) .

Recall that Y is unit Pareto if and only if log(Y") is unit exponential. Using the regular

variation property of the function a, condition Ca(7,a,p, A) and the Rényi representation
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(see (A.15) and (A.16) in the Appendix), we get, with the notation D,(z) = [/ s"!ds,

ESn(70) — ES(7) d [ kn Tl | 1
a((l — Tn)_l) ~ ;Ynfk:n:n X E ; Dy(Yn—H—l:n/Ynfkn:n) ﬁ
1 kn, v kn,
+ 17 <( Ynknn> - 1) + D7 (Ynkn:n>
-y n n
ETNE S I NES P
= - ' ; k, 4 v\ L4 11— ~
i=kn+1 =1
+ 177D7 - CXP i%:ﬂ : ) = -G, (Y1,...,Yn,7).
Besides
an((L=7)7") _ Xobun —U(n/ky) (1) ~ U(n/ky) (1) =~
= n M\ (1 -7, — —r— M 1—~,.—
(1= 7)) alnfhe) T g Mg )

and as such, it follows from (A.58), (A.60), (A.61) and the convergence Mél)(l — An,—) 5 Y+
that

2\ —1
<ﬁ Zfil D'y_ (Yn—i+1:n/Yn—kn:n))

k
1/ 1 E
+ - D’y_ (Yni+1:n/Yn—kn:n)) 1-—
2 <k” ; = S Dy (Yoeistin/ Yoo tonin))?

Conclude by the Rényi representation again (with the same variables Y;) that

Gn((1—70)7Y) 4 kn log(Y;)
W D [ ogtti)
i—myn P rer| 2
-1
Fon LS DL (Y
1 1 n Zz— 7( Z)
T2 (ZDMYZ)> b <f F — )2 =GP (Y1, Y, 7)
2\ Fn i=1 Ton >il1(Dy_(Y3))

and therefore

ESu(ra) —ES(ra) ¢ GV (Vi,...,Y,7)
an((1—70)71) G, Y,

= —Gn(Yi, cet YTL’FY)

For any v < 1, the random quantity G,,(Y1,..., Yy, ) is straightforward to simulate, meaning
that its distribution can be tabulated. This leads to the following confidence interval for
ES(1 — ky,/n):

~

12(0) = |ESu(l = kn/n) + n(n/kn)gna/> () ESn(L = ki /) + (0 k)91 -/ (Fr)|
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where ¢, () is the 7th quantile of G, (Y1,...,Y,,v). Our experience with this interval
is that it provides excellent results for v < 1/4, but when v > 1/4, its performance is
adversely affected by the finite-sample uncertainty in the plug-in step of replacing v by 7.
To put it differently, for large positive values of v, the distributions of G, (Y1,...,Ys,7) and
Gn(Y1,...,Y,,3,) may look substantially different in finite samples. Since k(5. — ) 2
N(0,v2(7)), we propose to deal with this issue of uncertainty quantification by computing
directly the quantiles of G,(Y1,. .., Y, 7n) for n = Fn + Z+/v2(An)/kn, where Z ~ N(0,1)
is independent from the data; in addition, we retain only those values of 7, that are smaller
than 1, i.e. we resample given 7, < 1. This gives rise to an approximation for the distribution
of Gp(Y1,...,Ys,3n) and, accordingly, to a different interval Tg (). A step-by-step description
of the construction of both Tg(a) and Tg(a) can be found in Algorithm 2 (where ® denotes

the standard normal distribution function).

Algorithm 2 Confidence intervals for ES(1 — k,,/n) - Empirical estimator
Require: N > 1, o € (0,1), ESp(1 — kn/n), @n(n/kn) = aMO™ (n/ky), Fn = 7300 (k,,)

n

Ensure: 7, <1
Simulate N replications Uy, ..., Uy of a uniform distribution on [0, 1]
forie{l,...,N} do

Calculate 7y,; = 4, + %:")q)_l (Uiq) ((1 — :Y\n)\/%>>

Simulate n replications Y7, ..., Y, of a unit Pareto distribution
Compute G; = Gn(Y1, ..., Yn,n) and G; = G (Y1, ..., Yo, Ani)
end for _ _ _
Compute Gup = Gup(@) = G|N(1-a/2)):N and { gup = Gug(a) = G\_N(i—a/Q)J:N
Gdown = Gdown(a) = GLN&/QJ:N Gdown = Gdown(a) = GLNQ/QJ:N
Ta(0) = [BSu(1 = kn/n) + Gn(n/kn) Gaowns BSn(1 = /1) + Gin (/) G|
return

~

Ts(a) = [E\sna ~ kn /) + Gn(1/kn) Caowns ESn (1 — kn/n) + an(n/kn)éup}

We turn to the quantile-based estimator ES, (Tn). We first note that in the heavy-tailed
setting v € (0,1), owing to the convergence a(t)/U(t) — 7 as t — oo, the following simpler
version of the quantile-based estimator has been considered by El Methni and Stupfler (2017):

—~H X k. -
ES, (L= ko/n) = T2
n

where ! is again the Hill estimator, see Section 3.2 therein. Since, by (A.16) with f = log,
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Xk, and A are asymptotically independent, it is straightforward to prove that
ES, (1 — kn/n) ES, (1 — kn/n)
—kn/n —kn/n
k1 it 0 Sl LYV k,, —nim VY q 1
VFn 108 ( ES(L — Fon/n) ) v ( ES(L— Fon/n) ) +oe(l)
2

d i N2
—>N<O,(1_7)2(1+(1 v) )).

The following naive (competitor) confidence interval follows:

Li(a) = [ESn(l kn/n)exp <j:1_%? 1+ (1-7 Th .

This interval is only valid for v € (0,1). Using the semiparametric estimator Egn (with
the moment estimators @y, (n/k,) = aM°™(n/ky,) of the scale and 7, = AM°™ of the shape
extreme value parameters, respectively) instead of ENSn and applying Theorem 2 leads to the

alternative confidence interval

Ty(a) = [Evsnu — kn/n)

an(n/kn) | (1+70) (1 =5)* + 01 () (1 = An)? +26(n) (1 =) +v2(3n) |
\/E (1 _ Wn>4 1—a/2

This confidence interval is, in theory, valid for any v < 1 but its finite-sample performance is

+

often disappointing, particularly when ~ is close to 1. We correct this interval so as to push

its finite-sample coverage close to the nominal level while keeping it Gaussian in nature. Set

_— ES, (1 — kn/n) — ES(1 — ky/n) ESn(1 — kn/n) — ES(1 — kn/n) a(n/ky)
Zn = (1) kn) = Vkn a(n/ky) Un(n/kn)’

Theorem 2 suggests the finer approximation

~ d 1 1 Nycale \ d T N'SN
Zn = | Nige + ——Ngcale + 5 Nsha e) <1 — ) =u' N+ ,
( 11—~ (1—m)2 2P VEkn VEn

where N = (Nige, Nscales Nshape)T follows a trivariate centered normal distribution with co-

variance matrix 3,

0 -3 0 1
S=S()=|-3 -1 -l | adu=um)=| &
0 —5rtw 0 1
2(1-7)? (1—7)2
Straightforward calculations show that, if Z = (Z;,...,Z,) is a p—dimensional Gaussian

random vector made of independent centered unit Gaussian random variables and M is a p X p
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symmetric matrix, one has E(ZTMZ) = tr(M) and E((Z"MZ)?) = 2tr(M?)+ (tr(M))2. The
mean m(v) and variance s2(7) of the random variable u' N + NTSN/v/k, are then

tr(SX)
Vkn

Approximating Z, by a Gaussian random variable with mean m(3,) and variance s2(3,,)

tr(SESX)

m(y) = and s%(y) = u'Zu+2 ( k

suggests the confidence interval

() = |88, (1~ ko/n) = 05 2 OB 502

Similarly to Tz(a), the finite-sample performance of this interval suffers from not taking into
account the statistical uncertainty of the estimator 7, plugged into m and s>. To take this
uncertainty into account, we analytically derive the correction term that should be added due

to this plug-in step. Let ¥ = AAT be the Cholesky decomposition of 3, where

1 0 0
A=A(y) = |7 vul) =7

C(“/ 62 (7
0 Vi (1) \/v2

~—

and note that N = AZ where Z is a 3—dimensional Gaussian random vector made of inde-
pendent centered unit Gaussian random variables. Recalling that vk, (3, —7) = Nghape, @

Taylor expansion yields

- T T
TAR\TQA ~
(5 AG)Z + 2 A jg"’A(”")Z - em)TNj;ez T op ( J%)
where 8(7) = ‘jl‘;wA(w n uw(j(;m.

. d N N
Since N = AZ, one has Ngyape = A23(7)Z2 + A33(7)Z3 = Aa3(Vn)Z2 + A33(Yn)Z3 + op(1).
Then

TW(S
> d T, L WHR)Z ( 1 >
Zn £ W) Z+ T2 ,

W) Vkn oF Vkn

where w(y) = AT (y)u(y) and

W(y) =A()S(7)A(v)

) 0 61 () A23(7) 01(v)Asz3(7)
— 5 [ (M) A2(7) 202(7)A23(7) 02(7)As3(7) + 03(7) A2z (v)
01(7)As3(7)  O2(7)As3(7) + O3(7)A2z(7) 203(7)As3(7)
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Explicit expressions can of course be given for w(vy) and W(~); we omit the details for the
sake of brevity. As in the construction of the confidence interval Tg (a), we then approximate
the distribution of the random variable w(y0)"Z + ZTW(40)Z/vk, (for any fixed vo < 1)
by a Gaussian distribution with mean tr(W(vp)) and variance ||w(y0)|]3 + 2tr(W2(v0))/kn.
This suggests our final confidence interval for ES(1 — &, /n):

i) = [BS,(1 ~ by /) + 22072 —tr(wm»i\/||w<%>u§+2“(w,;@’” ra

We shall see that this interval has coverage probabilities close to the nominal level across the

full range v < 1 in a reasonably large class of models.

C Finite-sample results at intermediate levels

We check the quality of our estimators and related inference procedures at an intermediate

level on simulated datasets. We consider the same distributions as in the main paper, that is:

e The Kumaraswamy distribution with 1 — F(t) = (1 —t®)8 for ¢t € [0, 1], and the Reverse-
Burr distribution with 1 — F(t) = (14 (1 — ¢)=#/®)=1/8 for t < 1 (here a > 0, 8 > 0), with

respective extreme value indices vy = —1/8 < 0 and v = —a < 0.

e The Gumbel distribution with 1 — F(t) = 1 — exp(— exp(—t)), and the Exponential distri-
bution 1 — F'(t) = exp(—t) for ¢t > 0, both having extreme value index v = 0.

e The Pareto distribution with 1 — F(t) = t~* for ¢t > 1, and the Fréchet distribution with
1—F(t) = 1—exp(—t~%) for t > 0 (here @ > 0), both having extreme value index v = 1/a > 0.

In each setting, we simulate N = 10,000 replications of an i.i.d. sample of size n = 1,000
from the chosen distribution. We fix k, = 200 and we estimate and infer the quantity
ES(1 — k,/n) = ES(0.8) using the estimators Egn(l — ky/n) and E\én(l — kn/n), and the
confidence intervals 11(0.95), 15(0.95), T3(0.95), 1;(0.95), 15(0.95), 15(0.95) and I4(0.95) at
confidence level 0.95. The true values of ES(0.8), evaluated using Table C.1, and the empirical
coverage probabilities of the competing intervals are provided in Table C.2.

At the intermediate level, it appears that the interval Tg (0.95) overall performs best among
the confidence intervals based on E/‘Sn; in particular, its coverage probability is very close to the
nominal level even for the infinite-variance Fréchet distribution with -y = 1/2. The conclusion
is somewhat more complex regarding the intervals based on EA)én: the interval I (0.95), which
is purely based on the asymptotic normality of ]:]\én, seems to perform best for finite-variance
distributions, while I;(0.95) should be preferred to I5(0.95) when the underlying distribution

has an infinite variance. Overall, the confidence intervals T1(0.95) and 1;(0.95) behave very
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poorly when the assumption of a heavy right tail is violated, and the intervals T1(0.95) and

T2(0.95) also have poor coverage when the variance of the underlying distribution is infinite.

Distribution Density function f(t) ES(7)
Pareto (a > 1) at™ > 1 2 (1-7)" e
_ 1/8-1 1-7)"F -1 P _
Burr (0 < a < 1) étﬁ/o‘ 1(1—|—t’8/a) %QFI (1,1-1—17&7177%5;—%)
Fréchet (a > 1) at™!” O‘exp( ™), t>0 %&171&)
(at1)/2 r(e4t) (@5 1<,>> A-a)/z
D | % h(+8) G (! )
Student (o > 1) (t) \/HF( ) Jarr(3) a- 551+
Exponential exp(—t), t >0 1—log(l —71)
Weibull Bt texp(—t?#), t >0 Fl‘)g(l/(lffw
‘ e o
Log-normal ﬁ exp (—W) ,t>0 exp (u + % w
Gumbel exp(—t) exp(— exp(—t)) C+T1°g(_1°g(f_))T+El(_log(ﬂ)
min{7r,1—7 —lo, min{r,1—7
Laplace %exp(—|t|) {r.1-7}( 17g7(2 {r,1=7})
Logistic % (ﬁ log(7) + log(1 — 7—))
2 2T
Normal p(t) =d'(t) = \/% exp (f%) %
B(i+1,8)-B Ll
Kumaraswamy aft* (1 — ta)ﬂ_l , t €10,1] 6 ) 11(71;7)1/&(@ )
L —aT1(— 1o T 1/Q
Reverse-Fréchet | a(l —t)* texp(—(1—-1)%), t<1 1- 1= l°g(7)(az<li_r<) L&)
_ 3/
% for 7 <1/2,
Triangular 2t, t €[0,1] and (2 — 1), t € [1,2] —
2(1 #) for 7> 1/2

Table C.1: A list of standard, unit-scale continuous distributions and the associated values
of the Expected Shortfall. The parameters a and [ are positive, and for the log-normal
distribution, we take p € R and o > 0. We write ® for the standard Gaussian distribu-
tion function and ¢ = ®' for the associated density function, ®, for the Student distri-
bution function with « degrees of freedom, = — 9Fi(a,b,c;z) for the ordinary hypergeo-
metric function found as one of the two fundamental solutions of the differential equation
(1 —a)y"(z) + (c— (a+ b+ 1))y (z) — aby(z) = 0, v.(e) = [; t* e " dt for the lower in-
complete Gamma function, I';(«) = f o to‘*l ~tdt for the upper incomplete Gamma, function,
¢ for the Euler-Mascheroni constant, E1(z) = [{exp(—t)/t}dt for the exponential integral
and By(a, ) = [y t*71(1 —t)P~1 dt for the lower incomplete Beta function.
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