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Abstract. A model of reputation is developed in which an agent of a less
reliable type imitates the behavior of a more reliable type. Since agents of
either type choose their action strategically, this model provides a theoretical
foundation for the conventional model of reputation based on commitment
types. Unlike the conventional model, reputation motives do not disappear
even after the types are revealed. This model is applied to examine the extent
to which reputation concerns with a rating system may discipline sellers in
informing buyers on the benefits from trade. We then determine the impact
of the possibility that sellers may restart as a new trader by obtaining a new
identity.. (JEL Classification Codes: C73, D82, D83, 1.14)
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1 Introduction

It is widely recognized that reputational concerns in repeated interactions
are one of the main forces that sustain the trust that is essential in effective
transactions of goods and services whose quality is unknown to the buyers
before purchase (experience goods). This problem is particularly acute in in-
ternet markets because, in addition to unobservability of the item for sale,
the quality of delivery service is also subject to moral hazard. To help repu-
tation mechanism work better, many trading websites adopt consumer rating
systems.! However, the effectiveness of such rating systems is at best con-

*The research is supported by the Leverhulme Trust. Emails: bjullien@cict.fr and
i.park@bristol.ac.uk.

ISee Dellarocas (2003 and 2005) and references therein for a discussion of reputation
issues on Internet.



Reputation and Communication 2

troversial according to the findings of recent studies.? In addition, there are
practical issues that may undermine the rating systems as an effective rep-
utation mechanism, for instance, a trader may restart with a new identity
after damaged reputation. Given the rapid expansion of internet markets, it
seems imperative for economic efficiency that these issues be analyzed from
the strategic perspectives of economic agents.

In this article we provide some theoretical findings on the mechanism
through which reputational concerns may resolve the moral hazard problem
in online markets where different types of sellers coexist who are subject to
varying degrees of moral hazard.

Reputation for sellers encompasses several dimensions. First it may reflect
the beliefs on the ability of the seller to deliver a service of good quality.
Second it may reflect the level of trust attached to various information that
sellers may provide to the market. Reputation then evolves over time as
consumers learn from the past record of the seller.

Our paper emphasizes that the two dimensions of reputation, ability and
trust, are intrinsically related, by showing how trust emerges when there is
adverse selection on ability. The idea is that consumers beliefs that sellers of
high ability are trustworthy are self-enforcing. This being established, it will
follow in return that communication helps mitigating the adverse selection
problem and accelerates the learning process.

Specifically, in our model each seller randomly draws an item of either
good or bad quality in each period and announces this quality as cheap talk.
Each seller is of one of two private types, high or low ability: a high type seller
draws a good quality item more frequently. Each item is traded at a price that
is equal to the expected quality based on the seller’s prevailing reputation and
his announcement. The buyer learns the true quality and publicly reveals the
truthfulness of the seller’s announcement (rating), which updates the seller’s
reputation level accordingly.

Without communication, the model involves learning overtime through
the observation of past quality, and prices reflect the evolution of beliefs on
ability, but not the true quality of the item for sales. Allowing communication
expands the set of equilibria with the possibility that some information on
the item be credibly revealed by the seller.

Our main result is that in this model there is a unique equilibrium in
which high type sellers always announce truthfully. In this equilibrium each
and every truthful announcement increases the seller’s reputation, which has
the effect of increasing the price he receives in the next period if he claims his

2Various studies find marginal effect, e.g., Jin and Kato (2006); A recent study by
Canals-Cerda (2008) report a significant effect based on eBay art auction data. See also
the reference in Bajari and Hortacsu (2004).
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item to be of a good quality. Low type sellers of all reputation levels falsely
claim bad quality items to be good with a positive probability for short-term
gain, after which their reputation vanishes. The probability of lying is a
continuous but non-monotonic function of the prevailing reputation level of
the low type seller.

Compared with the case with no communication, the equilibrium involves
faster learning of the type as well as more information reflected in the price
of the item. It thus mitigates the lemon problem substantially.

If sellers can start as a new seller by obtaining a new identity, then they
would do so if their reputation level drops below the default level that new
sellers start with. We show that this option increases cheating incentives by
limiting the damage from abusing reputation and as a result, the probability
that a low type seller lies is higher than when fresh restarts are infeasible,
uniformly across all reputation levels.

If there are multiple trading places with separate records, but all prevent
fresh restarts, sellers can switch places if their reputation is ruined in one trad-
ing place. This has a similar effect of reducing the effectiveness of reputation
mechanism.

Our analysis makes several theoretical contributions to the reputation lit-
erature that, following Kreps-Wilson (1982) and Milgrom-Roberts (1982), has
been developed along the adverse selection approach.? The approach has been
particularly influential and theorizes the idea that a strategic/normal agent
may refrain from a myopic selfish act so as to be perceived as one who is by
nature incapable of untrustworthy behavior, which would bring future bene-
fits by fostering cooperation. As such, this approach critically relies on the
existence of commitment/crazy types but justification of such types has been
only informal hitherto. We provide a theoretical foundation for such types:
both types are strategic in our model yet the more reliable type always be-
haves trustworthy in equilibrium, which the less reliable type tries to imitate.
Moreover the two types have the same preferences and differ only by the
knowledge of a technological parameter. As far as we are aware, reputational
behavior of this kind has not been formalized before.

This leads us to discuss another aspect of our reputational behavior. In
the reputation equilibria supported by commitment types, agents lose reputa-
tional incentives entirely as soon as they are revealed to be of a strategic type.
Even under imperfect monitoring, Cripps et al. (2004) show that reputational
motives disappear in the long-run because agents’ types get revealed eventu-
ally. In our model, agents’ types get revealed within a finite time as well,* yet

3Mailath and Samuelson (2006) contains an extensive review of the literature.

4In most studies, the stage game payoff is independent of the reputation level in every pe-
riod. Hence, the reputational behavior of normal/opportunistic type tend to be stationary
under infinite-horizon perfect monitoring settings, exhibiting little dynamics of reputation
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agents of the more reliable type maintain trustworthy behavior indefinitely.
Since both types are strategic, this means that reputational motives do not
dissipate in our model. It may be worth stressing that such behavior by the
more reliable type is driven precisely by reputational concerns, because it is
not viable without presence of the less reliable type.

Finally, this paper also makes a methodological innovation in establishing
the existence and uniqueness of the equilibrium value function of the agent
depending on the reputation level. In a model of financial experts who can ma-
nipulate the market by distorting information, Benabou and Laroque (1992)
obtain existence and uniqueness by applying Blackwell’s Theorem, which is
not applicable to our model because our sellers may benefit by distorting in-
formation in only one direction, unlike financial market where information
holders can benefit by distorting the market in either direction, which gen-
erates symmetry in the model. Consequently, we construct a mapping from
the set of all monotonic functions to itself to which the Fan-Glicksberg Fixed
Point Theorem can be applied to obtain existence of equilibrium value func-
tion. The uniqueness is separately obtained by analyzing the properties of the
fixed point. In a recent independent work, Mathis, McAndrew and Rochet
(2009) propose a constructive proof of existence in a related model of rating
agencies with some benefits from the value at trade. Their proof relies on
the fact that only positive claims can be verified which simplifies greatly the
analysis.” In our model both positive and negative claims can be verified.

The next section describes the base model and defines equilibrium. Sec-
tion 3 present some preliminary results. Then section 4analyzes the reputation
mechanism and characterizes the unique reputation equilibrium in which the
high type sellers always trade truthfully. Section 5 discusses its properties.
Section 6 examines the case that sellers may restart as a new seller by ob-
taining a new identity and characterizes the stationary equilibrium. Some
technical details are collected in Appendix.

building and cashing in. One way of generating such dynamics is by introducing the sto-
chastic importance level of each period (Sobel, 1985). Another way is to relate the payoff
of opportunistic behavior to the reputation level in a natural manner, such as in our paper
and Benabou and Laroque (1992). In these cases, a less reliable agent is bound to cheat
given a chance if he had been lucky enough in the past to have built up his reputation above
a certain threshold, thus revealing the type. The logic of Cripps et al. (2004) is somewhat
different: A long enough history of an agent’s past behavior reveals his type with a statisti-
cally overwhelming confidence and consequently, he would indulge in opportunistic actions
because each such action makes only a negligible dent on his reputation.

>They also require a discontinuity in the payoff due an exogenous cost of loosing repu-
tation, which is not present in our model.
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2 Model

We consider a single market-place (or website) where sellers of different abili-
ties interact with a large set of buyers. There are infinite periodst = 1,2, -,
and a representative seller is either of high type (0 = h) or low type (6 = {)
where 0 < ¢ < h < 1. The seller’s type 6 € {h,{} is private information.
The seller’s perceived ability in each period t is captured by his reputation
iy € [0,1], the posterior belief that the prospective buyers commonly attach
to the seller being of a high type at the beginning of that period.

In each period ¢, a seller with reputation p, draws one item for sale of
a random quality ¢; which is good (g) with probability § and bad (b) with
probability 1 — 0 where 0 € {h, ¢} is the seller’s type. We normalize as g = 1
or b = 0. Observing the quality of the item, the seller publicly makes a cheap
talk announcement m; € {G, B} about its quality, where the upper case of ¢
is interpreted as announcing the quality to be ¢ € {g,b}.5 We say that the
agent lies if he announces B when ¢, = g or G when ¢, = b, and tells the truth
if he announces G when ¢, = g or B when ¢, = b.”

The prospective buyers are myopic and try to maximize the expected qual-
ity minus the price paid. We assume a competitive demand side so that each
item is traded at a price that is equal to the expected quality calculated, a
la Bayes rule, based on p, and the seller’s equilibrium strategy of announcing
my. At the end of the trading period, the purchaser observes the true quality
q: and honestly reports it publicly. The seller’s reputation is revised from g,
to ju,4q based on m; and ¢, and the period ¢ + 1 starts. The seller’s objective
is to maximize the discounted sum of its revenue stream with discount factor
d € (0,1). At any date t, the full history of messages and items’ quality of the
seller is publicly known. The structure of this game, denoted by I', is common
knowledge.

Our equilibrium concept is Perfect Bayesian equilibrium and we consider
only stationary equilibria, i.e. equilibria such that the equilibrium strategies
in each period depends only on the seller’s reputation level of that period.
Thus, the seller’s strategy is represented by two functions x*(u, ¢) and y*(u, q)
that denote, respectively, the probability that a seller of h-type and /(-type
lies contingent on the prevailing reputation level p € [0,1] and the quality
q € {g,b} of the item drawn.

Given z*(u,q) and y*(u, q), define a “price/quality profile” pf (u) as the

6 Alternatively, we may model that each seller posts a price p at which buyers either buy
or not, and the purchaser of the item reports whether satisfied (¢ > p) or not (¢ < p). This
produces the same equilibrium. We don’t consider the possibility that the seller announces
his type 6, although we conjecture that this would not change our results.

TOf course the labelling of the messages is somewhat arbitrary, but it will be unambigu-
ous when we introduce the reputation equilibrium.
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posterior probability that the item is of a good quality (¢ = g) when the seller
with a reputation level  announced m € {G, B}, obtained by Bayes rule from
the seller’s strategy whenever possible. Being the expected quality, pf (1) is
also the price at which the item will be traded.

A “transition rule” is a function 7, (1) that specifies the posterior prob-
ability of § = h in the next period when in the current period Pr (6 = h) = p
and the seller sells an item of quality ¢ € {g, b} after announcing m € {G, B}.
We require that 7, (1) be obtained by Bayes rule from the seller’s strategy
whenever possible.

Given x*(y1,q), y*(i1,q) and 7, (1) as above, we define the value function
for 6 € {h, (}, denoted by V(1) : [0,1] — R, as the expected discounted sum
of revenue stream of a seller of type # and reputation pu.

*

Definition 1 A collection (x*,y*, p},, T, Vy') is a (Perfect Bayesian) equi-
librium if the followings hold for each 8 = h,{ where z, = x* and z, = y*:

(i) 2011, 9) = 0 if p5(p) + 0V (mg, (1) > pp(p) + 0V (mp, (1)),
zo(p, 9) = 1 of p&;(p) + 0V (g (1) < pp(1) + 0V (g (1))
(ii) 29(p1,b) = 0 if pp(p) + Vi (g (1)) > 0 (1) + SV (me (1),
zo(p, 0) = 1 if pp(p) + OV (7 (1) < pi(p) + 0V (7 (1))

5

Before we turn to the characterization of the equilibria with adverse selec-
tion and cheap talk, let us discuss a few properties of our model.

3 Preliminary considerations

The term “reputation” in the economic literature encompasses several notions,
two of them are present in our model. First, reputation may refer to the beliefs
concerning the average quality provided by the seller to the market. In our
model this corresponds to the beliefs p, on the type 6. Second, the notion of
reputation may refer to the level of confidence that consumers have on the
truthfulness of the announcement of the seller concerning the quality of the
good. This notion thus refers more to trust than to beliefs on the type. As
shown below however, the two concepts are closely related.

We use the term learning to refer to the fact that the mere observation of
the history of quality ¢; helps consumers improve their knowledge of the type
of the seller, in a non-strategic manner.
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3.1 The learning equilibrium

Suppose that there is no communication, say because the seller doesn’t observe
the quality of the good. Then in every period a seller’s item is traded at a
price equal to the expected quality

pe = p° () = peh + (1 — )L

In this case the beliefs of the buyers over a seller’s type evolves according the
simple Bayes rule:

fith ;
= > =
it h (=) ifa=g

py (1 —h) -
b = Ay a g e
Beliefs and prices follow a martingale, so that the price increases or declines
depending on whether the quality delivered last period is good or bad.

Notice that this equilibrium remains an equilibrium in the game v de-
scribed in Section 2, i.e., the so-called “babbling equilibrium.” For instance
such an equilibrium obtains when the seller always announces GG and thus,
the message m,, containing no information content, is ignored. The beliefs
and the price evolve as in the learning equilibrium above and it is clear that
since announcement doesn’t affect the continuation game, it is optimal for the
seller to announce G.

3.2 A single type

Now suppose that there is a single type, say type £. (As we shall see below,
this is different from saying that the buyers beliefs assign probability 1 on the
type £.) Due to risk-neutrality and a probability 1 to trade, our model has
the feature that there is a zero value for the seller of transmitting information
to the buyer in this case. The reason is that the ex-ante payoff is equal to the
expected price which always coincides with the expected quality. The impli-
cation is that repeated interaction cannot help in fostering communication in
this set-up.

To see this consider any equilibrium of our game when a seller’s type is
publicly “observed” to be £. Because the price is the expected value conditional
on the information available at date t, the ex-ante expected price must be
equal to /. Thus any equilibrium generates an expected payoff %.

Another consequence is that there cannot be any information transmitted
through communication. To see this consider any period and suppose that the
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message is informative in this period. This occurs when the probability y* (b)
of announcing m = G when ¢ = b is not equal to the probability 1 — y* (g)
of announcing G when ¢ = g. In the case the prices will differ for the two
messages. But we have seen that the expected payoff from the next period
on must be equal to ﬁ and thus is independent of the message. Hence, the
seller would announce with probability one the message that would generate
the highest price, irrespective of ¢, which contradicts y* (b) # 1 — y* (g) .

Thus when the type of the seller is publicly observed, the unique equilib-
rium outcome is the no communication equilibrium outcome.

3.3 On communication in equilibrium

We say that an equilibrium involves communication if there is a positive prob-
ability that at some date the message conveys some information. In our model,
there are two types of information that can be transmitted: information about
the current level of quality ¢ or b, and information about the type 6.

Before we turn to the equilibrium analysis it is worth noticing that the
two types of information transmission are related in a non-trivial way. In our
set-up there will be some information transmitted about the type 6 if there is
a positive probability that at some date

T (p, @) # Y (g Ge) -

To see this, observe that if the strategy of the seller is independent of his type
then it must be the case that the posterior y, ; depends only on the history
of the realized quality h’ = (q1,---,¢) and not on the history of message
m’ = (mq,...,my), i.e., Pr(f | h*, m*) = Pr(6 | h"). The reason is that the
distribution of m’ conditional on h? and @ is independent of 6.

Similarly, there will be some information transmitted about the quality if
there is a positive probability that at some date p§ (11,) # pj (1) and both
message can occur with positive probability.

We have seen above that communication about the quality of the item is
not possible if there is a single type. This observation extends to the following
property when there are multiple types, i.e., in a setting of adverse selection:

Property: Messages cannot convey information on the quality of the good
unless they convey information on the type of the seller.

To see this suppose that no information is transmitted by the message on
the type 0 in equilibrium. Then we have seen that revised beliefs are only
function of the history of quality h’. But this implies that at any date the
expected future payoff of the seller is independent of his current announcement
strategy. Thus, if pf (1) # pl (1), then both types of sellers would choose
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to send with probability 1 the same message (that maximize the price), which
would imply that the messages are uninformative, i.e., pg& (1) # Py (14y), a
contradiction.

Therefore, adverse selection and signalling about the type is a necessary
ingredient for message to be a credible signal of quality in our environment.

4 Reputation equilibrium

Let us now turn to equilibrium analysis with reputation. As we wish to study
whether adverse selection may help to induce truthful revelation of the quality
of the good, we will focus on equilibria with the following properties:

(a) an h-type seller always tells the truth regardless of ¢ so long as p > 0,
i.e., *(u,q) = 0 for all > 0; and

(b) the value function V;' is non-decreasing for 6 = h, (.3

The first property captures the idea that beliefs about the types will gen-
erate trust in messages. The intuition behind this property is that build-
ing/maintaining reputation through truthful announcement of the quality is
less costly for an h-type seller because he knows he will have more good draws
than the type ¢, whence he should announces the truth with a larger proba-
bility.

The property (b) states that a seller’s expected profit increases with the
market beliefs about his type. Notice that the expected quality of the good
ph 4+ (1 — p)l is increasing with p. This would be the payoff of the seller
in a one-shot game or if 6 = 0. The property states that this monotonicity
property extends to our dynamic setting, which seems natural.

We shall refer to this as a non-trivial reputation equilibrium:

Definition 2 An equilibrium satisfying (a) and (b) is called a NTR-equilibrium.

In characterizing the equilibrium, we proceed in three steps. First, we
derive some useful properties of the equilibrium. Then, we use these properties
to prove existence, continuity and uniqueness of the value function for the /-
type seller. Finally, we show that telling the truth is the optimal strategy for
the h-type seller.

8We conjecture that condition (b) and Lemma 1 imply each other.
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4.1 Some properties of NTR-equilibria

A first trivial remark is that it is not possible that the /(-type seller al-
ways tells the truth. Indeed a strategy y*(u,q) = 0 would yield a pay-
off /(1 —9) and a price p5 () = 1. But then the seller would gain at
least 1+ ¢/ (1 —0) > £/ (1 —6) by reporting a bad quality item as good
(m = G). Thus, full revelation of ¢ by the seller is not possible. Nonetheless,
intuition suggests that due to property (b) there is no incentive to misreport a
good quality ¢ = ¢, as this would reduce the current price without enhancing
next period’s reputation level. We first show that this is the case:

Lemma 1 For any NTR-equilibrium,

Y (u,9) =0 and pp(p) =0 Vue (0,1]. (1)

Proof. First we claim that for any 1 > 0, p& (1) > pj (). Indeed suppose that
y*(u,b) > 0 then property (a) implies that 75, (¢) = 0 < 7%, (). Moreover
PE(k) + OV (v (1)) = Diy(i) + 0V, (i, (1)) and property (b) implies that
p&() = pi(p)- I y* (i, b) = 0, on the other hand, pg; (1) =1 > pi(n) by (a)
and Bayes rule.

Now suppose y*(11,g) > 0. Then (a) implies that 75 (1) = 0 < p <
b= iy ). Moreover i) + 0V; () < py(p) + 6V (©), which mplis,
given (b) and p; (1) = pi (1), that pg(u) = pi(p) and V(1) = V;(0). Since
w < p',we also have V) (u) = V;(0). But this then for m € {G, B}, we
have V(1) = pg(p) + 0V (0) > pj, (') + 6V (0). Hence, p, (1) < pi(p)
should hold for m = G, B, which is an impossibility because some weighted
average of p& (') and py (1) is the expected quality of an item drawn by a
seller of reputation p/, hence must be strictly greater than pf(u) = ph(u) =
ph + (1 — p)l. Therefore, we have to conclude that y* (i, g) = 0 for all u > 0.

Finally y*(¢,9) = 0 and (a) imply that pi(n) = 0, since message m = B
occurs with positive probability but only when ¢ =0. m

Observe that in equilibrium, once a seller’s reputation index falls to u = 0,
he cannot increase his reputation level above 0, because Bayes rule dictates
that 7 (0) = 0 so long as an (-seller with an item of quality ¢ announces m
with a positive probability according to the equilibrium strategy. Therefore,
the seller whose reputation is 0 announces m that gives the highest p (0)
regardless of ¢, which implies that the equilibrium price is the same regardless
of q, being equal to ¢. This occurs when an /-type seller’s strategy when p = 0
is independent of q.

Since labeling of the messages is inconsequential due to the costless nature
of cheap talk messages, for expositional ease we make the convention that an
(-seller announces G regardless of ¢ when p = 0, i.e.,

y*(0,9) =0, y*(0,0) =1 and pg;(0) =4, pp(0) =0. (2)
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An immediate consequence of the fact that equilibrium messages don’t

convey any information when p = 0 is that the payoff when p = 0 is not
affected by adverse selection. Indeed we have
Lemma 2 For any NTR-equilibrium, V;(0) = 15 and V;7(1) = ;.
Proof. Consider the (-type seller with © = 0. Then beliefs remain constant
and the price is pf;(0) = ¢ at any point on the equilibrium path, which implies
a discounted value ¢/ (1 — 0).

For the h-type seller with ;1 = 1, again beliefs remain constant while the

price is 1 with probability A and zero with probability 1 — h. The expected
price at any date is then i which implies a discounted value h/ (1 —4). m

Having established above that y*(u,g9) = 0 and p} (¢) = 0 for all p in
any NTR~equilibrium, we now focus on the equilibrium values of y*(u, b). For
notational ease, we use y*(u) as shorthand for y*(u,b) in the sequel. Thus
an equilibrium, if it exists, is characterized by the probability that a /(-type
seller announces GG when g = b, the transition rule and the values functions.
Notice that the h-type seller cannot announce truthfully for all beliefs unless
the (-type lies for some beliefs at least. Thus y* () # 0 for some beliefs .

For each p € (0,1] and y € [0, 1], we define

prh + (L= p)(€+ (1 = O)y)

Here, pg (11, y) is the expected quality of the product conditional on the seller
having announced m = G. In equilibrium it is equal to the price so that

pG(:ua y) =

pe (1) = pap, y™ (1) >0,

whereas we have seen that when the seller announces B the price is pj; (1) = 0.
The following observations are straightforward:

Property i: For y > 0 and p < 1, pg(u,y) strictly increases in p and strictly
decreases in y, with pa(p,0) =1 for all p, pe(1,y) =1 for all y and

pg(o, 1) =/.

Let us consider now beliefs. First notice that without loss of generality we
can set mp, (1) = 0, as the seller never claim m = B when ¢ = g. Since V" is
minimal at p = 0, this doesn’t alter incentive compatibility conditions (7) in
Definition 1.

Consider now the case where the seller reveals the true quality. For each
e (0,1] and y € [0, 1], we define the following values whenever well-defined:
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wh
ph+ (1= p)l’
p(l—h)
p(l—h)+ (1 —p)(1-0(1-y)

Note that 7m¢gy(p,) is the posterior probability, s, ;, that § = h when a seller
of reputation p, announced m; = G and the purchaser reported ¢; = g; and
bty v (1)) = (1) is that when a seller of reputation u, announced
my = B and the purchaser reported ¢; = b.

We then have

(4)
(5)

TGy ()

T, )

Property ii: For y <1 and p <1, mgg(p) and mpy(p,y) strictly increases
in p, and 7pgy(p,y) strictly increases in y, with wgy(p,1) = 1 and

7TBb(17 y) =1

This property implies that V(7 g, (1, y)) (weakly) increases in y with V (mpy(p, 1)) =

Vi(1), for any non-decreasing function V' : [0,1] — R..

When the seller lies and quality is b, posterior beliefs should be equal to
(i) = 0, except when p =1 or y*(u) = 0. However, for 1 < 1, there is no
loss of generality in assuming that 7, (@) = 0 when y*(u) = 0 since neither
type lies when ¢ = b and V}(0) is the minimal value of the value function.

Determining 7, (1) is a bit more delicate because it determines V;*(1) and
thus, the optimality of y*(u) = 1 for u < 1, via determining the deviation
value for an /-type seller with reputation g of announcing truthfully when
¢ = b, which would induce belief 7pg;(u, 1) = 1.

The value of 7, (1) plays a central role because a seller with “maximal
reputation" p = 1 have the choice, upon drawing ¢ = b, between maintaining
its reputation with a zero current price (pf(1) = 0) or losing its reputation
with a current price of pf;(1) = 1. Losing reputation by lying then induces a
drop in reputation, inducing a loss in future profits from V;*(1) to V;*(7g,(1)).
The the equilibrium behavior at @ = 1 is characterized in the next lemma.

Lemma 3 For any NTR-equilibrium,
(i) y*(1) =1 and y*(n) is continuous at u = 1;

) v - 180 C)
(ii) }}_}Hllve (1) = (1—6)(1—60) "

(iii) of y* (1) < 1 for some pu, V(1) =

1—6(1—0+10%)
(1—=6)(1—060)

and V' (mg(1)) = Vi (0).

Moreover, there exists a NTR-equilibrium with 7}, (1) = 0 and the same an-
nouncement strategy y*(u) for all p, and same value V; (u) for all pn < 1.
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Proof. See Appendix. m

The lemma states that without loss of generality we can set 75, (1) =
0. If the f-seller announces truthfully with some probability, then this doesn’t
alter the equilibrium. In the case where the /-seller always lies, there is some
flexibility in setting the beliefs 7%, (1) that would affect the value V,*(1) but not
the value function V;*(u) for p < 1. As an f-seller never reaches the maximum
reputation level © = 1 in equilibrium, this is irrelevant for the equilibrium
path. The value V(1) solves V;*(1) = 1+ 6(¢V,*(1) + (1 — £)V,*(0)), yielding
the value in the lemma.

Following the lemma we restrict to NTR-equilibria such that 7, (1) = 0.
For such a NTR-equilibrium, we always have

V(1) =V (0) + A
where

1—0(1—0+4 0% / 1/

A:: —_ —
A-0)(1—00) 1-06 1-0f°

1. (6)

4.2 Value and policy function for the /-type

Let F denote the set of all non-decreasing functions V' : [0, 1] — R such that
V(0) = 5 and V(1) = 5 +A. For any NTR-equilibrium, in light of Lemma
3 and the conditions (i)-(iii) of Definition 1, V,* € F and

Viw) = Lpa(m v (1) + 0Vi (mag ()

(7)

+(1 = 0) [y* (1) (P (1 y* (1) + V5 (0)) + (1 — ™ (1)) 0V (7w (11, ¥ (12)))]

where y* satisfies

{?/*(M) =0 if pe(p,y* (1) <0 (Vi (mae(p, y* (1)) — V(0))
y* () =1 if pe(p,y*(p) > 6 (Vi (7o, y* (1)) — Vi (0)).

Note from (7) that V" is a fixed point of a mapping determined by the
RHS of (7) via a “best response” function y* that satisfies (8). We formally
define this mapping on F with a view to applying a fixed point theorem.

For a given V' € F, a "best-response" is a function yy : [0,1] — [0, 1] that
satisfies

{?JV(M) =0 if paluyv(p) <3V (Tl yv(n)) — V(0)
yv(p) =1 if  pa(p,yv(p) > 0 (V(mp(p, yv (1)) — V(0)).

(8)

(9)

Lemma 4 ForanyV € F, there exists a unique best-response yy and yy (p) >
0 for all u € 10, 1].
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Proof. Properties i and ii imply that pg(p,y) — 0 (V(mee(p,y)) — V(0)) is
strictly increasing in y. Hence either it is always negative or always positive,,
or there exists a unique value y, where it is zero. Since pg(p,0) = 1 >
6(V(mps(p,0)) — V(0)) for all 1 by (6), yv (1) >0 on [0,1]. =

For ;1 = 0, property ii implies that ¢ (Vo(75,(0,y)) — Vi(0)) = 0 < ps(0,y)
for all y < 1. Hence yy (0) = 1.
Let us define:

i =inf {4t | p(, 1) > A},

Dueto A <1 =pg(1,1), iissmaller than 1. Then, pg(p,y) > 6 (Vi(mps(p,y))
for all y < 1 when p > i which implies that yy (¢) = 1if g > fi. The threshold
1 is positive if § is large enough so that

14

(10)

Then, for 1 < fi, at a best response y € (0,1) we must have
55,%1 (V(meo(p,y) = V(0)) < pelp,y) < 5% (Vi(meo(p,y)) = V(0)). (11)

Thus, the unique best response function yy is characterized as

1 it u>pn
yv(p) = ¢ the unique y that satisfies (11) if 0<pu<p (12)
1 if u=0

To conclude the characterization of the "best-response":

Lemma 5 For anyV € F, yy(u) is continuous on [0, 1], and pc(p, yy (1)) is
nondecreasing with p ( as well as wpy(p, yv (1)) for u > 0).

Proof. For each u € (0, 1], by construction, yy (p) is intersection of the graph
of pa(1,y) and the “connected” graph of §(V (mwpy(p,y)) — V(0)), i.e., the
graph is connected vertically at every discontinuity points by the shortest
distance. Since both of the graphs are uniformly continuous as functions of p,
the intersection point changes continuously in p, i.e., yy (1) is continuous on
w € (0, ). In addition, yy(n) — 1 as pu — 0 because mgp(p,y) — 0 as p — 0
for any y < 1. Since yy (i) = 1 by construction (using yy (0) = 1 if 5 = 0), it
follows that yy (i) is continuous on [0, 1].

For p > p, we have pg(p,yv(i)) = pa(p,1) which increases in p by
property i, while mg;, (i, 1) = 1. For 0 < p < 1, note that both of the graphs
move upward as pu increases due to properties i and ii. Therefore the height
of the intersection point also increases, i.e., ps (i, yv (1)) increases (weakly) in

i, as well as 7y (1, yv (p)). =
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Finally, define a mapping 7" : F — F by
T(V) (1) = pa(pyv(p) + 0 (LV(rgy(p) + (1 =€V (0)), (13)
which is well-defined due to Lemma 6 below.

Lemma 6 7'(V,) € F.

Proof. From above, pg (i, yv (1)) increases (weakly) in p, as well as 7 gy, (1, yv (1t))-
Since mgy (1) increases in p € [0, 1], this proves that 7'(V'), defined in (13), is
non-decreasing in f.

Next, since yy(0) = 1 and 7¢,(0) = 0, we have

T(V)(0) = pa(0,1) +6 (£V(0) + (1 = £)V(0))
14

as desired. Finally, since yy (1) = mgy(1) =1 and pg(1,1) =1,

T(V)(1) = 146V(1)+ (1—0)V(0))
1—6(1—0+¢%) 1
= 1+5(£ (1= 6)(1 = o0) _(1_4)1——5)
1—6(1—0+4 0%
1—0)1-d0)

The next result establishes that the value function of an equilibrium can
be computed as a fixed point of the Bellman operator 7.

Lemma 7 For any NTR-equilibrium, T(V;) = V; and y*(p) = yvs (). If
(10) does not hold, then y*(u) = 1 for all p € [0,1], while if (10) holds
Y (1) =1 for > i > 0.

Proof. We start by observing that, for any non-decreasing V' with V(0) = %,

V(1) = polp 1) + 8(0V (ray (1) + (1= OV(0) Vpu € (1) #0
— L V() = V(0) = & (14)

because pa(p, 1) — 1 and mg, (1) — 1 as p — 1.

Let (v, 4", P}, Ty Vo) be an NTR-equilibrium. First consider the case
that 6 > §, defined in (10). If y*(u) = 1 for all p < 1, (14) would im-
ply DV (1)) — Vo (mi()) = 8V (1) = VE(0)) = 84 > po(n,1) for
sufficiently small x> 0, contradicting optimality condition (ii) of Definition
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0. Hence, y*(u) # 1 for some p and thus, (7) and (8) are satisfied so that,
as verified above when defining (12), y*(¢) = 1 for p = 0 and p € [, 1]
and, in addition, y*(u) > 0 and satisfies (??) for u € (0,71). Consequently,
y*(.) = yvy(.) and (7) is equivalent to (13) when V' = V;*, which implies that
() = Vi

Next, consider the case that (10) does not hold so that yy (.) = 1. Then,
(V7 (min(1)) — Vi (ety(12))) < £ for all p by Lemma 3 (ii), while pis(s) —
pp(p) > £ for all p > 0 by Lemmas 1 and 4.1, hence y*(u) = yy; (u) = 1 for
all 1+ > 0 by the condition (ii) of Definition 0. Since y*(0) = 1 by Lemma 3
(i), we have again y*(.) = yy; (.). =

Thus, if (10) fails, all NTR-equilibria have a simple characterization: ¢-
sellers always lie upon drawing a bad quality product (and are honest other-
wise).” Below we further our characterization of NTR-equilibria for the more
interesting case that (10) holds, by examining the existence and properties of
the fixed point of T'.

Although T : F — F is well-defined, fixed point theorems may not be
applied directly to T" because F is not a compact set. This problem is resolved
by showing that we can restrict attention to the set F" of all right-continuous
non-decreasing functions on [0,1], which is compact.! We will then show
that T is continuous and apply Fan-Glicksberg Fixed Point Theorem!! to T
restricted to F".

For this we will need two key results. The first result is continuity of the
equilibrium value function.

Lemma 8 IfT(V) =V then V(u) is continuous and strictly increasing.

Proof. To reach a contradiction, suppose that T'(V) = V yet V is not contin-
uous, say at ;. Since yy(p) =1 for all 4 > fi and 7g,(p) is continuous with
Tag(1) = 1, (13) implies that

1—0(1—104¢%)
(1—=08)(1—40)

limy, a1V (p) = =V(1).

Hence, we may assume that p; < 1. Then, since pg(u, yv (1)) is con-
tinuous in g, (13) and dictates that 0 < lim,, V(u) — limy,, V(e) =
6¢ (limy,y,,, V(1) — limyy,, V() where py = mgqe(py) > py. Since p, < 1,
applying analogous arguments repeatedly, we deduce that there must exist

In this case the equilibrium may vary in V;*(1) and mgp(1,1) subject to V(1) = 1 +
SV (1) + (1 = OV (map(1,1))), but they all generate the same equilibrium outcome.

0Note that T'(V) is right-continuous if V is because yy (1) is continuous in .

1 This theorem states that an upper hemi-continuous convex valued correspondence from
a nonempty compact convex subset of a convex Hausdorff topological vector space has a
fixed point.
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an infinite sequence f,, such that both s, and lim,, V(u) — lim,, V(n)
increase in n, which is impossible because V;*(1) — V;*(0) is bounded. Hence
V' is continuous.

Next, again to reach a contradiction, suppose V' is not strictly increasing.
Let 1/ be the highest value such that V' (u) is constant on some interval (u' —
e, 1). Then p/ < fi by (3) and (12), and mg,(p) > p/ if p € (W — ¢, ') for
sufficiently small e > 0 by (4). But then for p and p” such that @/ —e < p <
p' < !, since Vi(may (1) < Vi(mag (1)) and pe(p, y* (1)) is non-decreasing in
1 as verified in the proof of Lemma 6, we would have

Vi) = pelny (1) +8(0Vilmay (i) + (1 = OVi(0))
> oy (1) + 6 (Valmay () + (1 = OVi(0)) = V7 (1),

contradicting the supposition that V(1) is constant on (1 —e,p’). m

The second result is a restriction on the evolution of beliefs in equilibrium.
Lemma 9 IfT(V) =V, then wgy(p, yv (1)) > p all > 0.
Proof. See Appendix. m

The lemma implies that along any equilibrium path beliefs, and thus
prices, increase until the point where the /-type seller reveals his type by
falsely claiming a high quality, at which point the price drops definitely to /.

Theorem 1 There exists a unique fized point of T'.
Proof. See Appendix m

As explained above, existence follows from the continuity of the operator
T on the set F". The result thus differs from Benabou-Laroque (1992) in that
T may not be contraction mapping. More precisely, 7' is not nondecreasing in
V' so that Blackwell’s Theorem cannot be applied. A second key difference is
that Benabou and Laroque assume continuity while we don’t restrict a priory
to continuous functions.

Uniqueness result from the fact that the value function is uniquely defined
for 4 > p and that beliefs are increasing along an equilibrium path with
truthful announcement (Lemma 9). Indeed the latter implies that there is a
unique way to "unravel" the value function from large to low p. A similar idea
is exploited in Mathis, McAndrew and Rochet (2009) to obtain a constructive
proof of existence in a game of rating agencies.
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4.3 Optimality for the h-seller and equilibrium

We have established that there is a unique pair of V;* and y*(x) that is consis-
tent with an equilibrium that satisfies the properties (a) and (b) introduced
earlier. The price are then pf (1) = pe (1, y* (1)) and pl (1) = 0. We now
establish the condition under which truthful announcing is an equilibrium
strategy for an h-seller and thus, the NTR-equilibrium exists. In doing so,
we set (w.l.o.g.) the off-equilibrium beliefs as

Tpg(t) =0 < mag(p) V€ [0,1]

which ensures that beliefs always decrease after a false claim

For ;o > 0, let V¥ be the value function of an h-seller calculated at the
optimal strategy given y* obtained from (12) for the fixed point V" of 7" and
transition rules 7y, defined for y*.

Recall that z*(0,¢) has not been specified, yet. Thus V;*(0) is to be
determined. At p = 0, optimality of z*(0, g) = 0 is obvious because m¢,(0) =
0= 7p,(0).

For the moment we restrict attention to the case where the h-seller lies
with positive probability when ¢ = 0 and ¢ = b so that

Vi(0) = 1o 2 BB (Y (0) 4 (L= V() (15)

We will later consider the possibility that V;* (0) is larger, but this will
not enlarge the set of parameters for existence. Notice that z*(0,b) = 1 is an
equilibrium strategy for an h-seller at y = 0 for posterior beliefs 7%, (0) =
0. Thus condition (15) can always be satisfied.

Since pg(u,y) > ¢ for all p,y € (0, 1], an h-seller can warrant ¢/(1 — §) in
any continuation subgame by always claiming ¢ = ¢ and, therefore, V,*(u) >
V¥(0) for all p > 0.

Upon drawing ¢ = g, an h-seller gets pa(p, y* (1)) + 0V (maq(1t)) by re-
porting truthfully and §V}*(0) by reporting untruthfully. Since V*(rq,(1)) >
Vi5(0), z*(u,g) = 0 is optimal for all p.

Let us now consider the strategy of the h-seller when ¢ = 0. Once p =1 is
reached, upon drawing ¢ = b, an h-seller gets 6V;*(1) by reporting truthfully
and 1 + 6V;*(0) by reporting untruthfully by Lemma 3. Thus, it is optimal
for an h-seller to report truthfully if and only if 6(V;*(1) — V,*(0)) > 1 where
Vi¥(1) = h + 6V} (1), or equivalently,

1—-9 1

h—1¢ > 5 <~ 0>0, i1

which we assume below. It is clear that no equilibrium exists that satisfies
(a) and (b) if (16) fails.

(16)
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For ;1 > 0, we don’t know the value of V;* but we can show that the value
increases with the true type.

Lemma 10 If V) =T (V}), then V;* () > V;*(p) for all u > 0.

Proof. Let Vi, (1) be the value function from the following strategy of an h-
seller: report ¢ = ¢ truthfully and upon drawing ¢ = b for the first time report
m = G and get V;*(0) in the continuation subgame. Then,

Vi) = [Z h'6'pa (Tgy (1), ¥ (Tgy (1)) | + 6V, (0 Z h'ot (17)

where ¢, (1) = ng(ﬂtGgl (u)) is defined in (38). Clearly V(1) > Vi(p).
From equation 37 in the proof of lemma 9:

Vz*(u)ZIth(Stpc (g (1), " (7w (1)) | +6VE(0)(1 — ¢ Z%t (18)

t=0

Substracting (18) from (17),

o0

V) = Vi) = [ D0 = 90" (wly 10), v (g (1)
1—h 1—40N_,
5(1 —6h  1- M)V’f (©)

Using pe (e, (1), y* (my (1)) > L.

5(h - 0)0 51— 8)(h —0)
Vill) =VEW) > A= a =50~ (1= om)(1 = o0)

Vi(0) =0

|

The result expresses the fact that the h-seller obtains better draws of
quality which implies that he would lose its reputation at longer delays if he
were to imitate an (-type.

Then, optimality of truthful announcement of ¢ for the type-h seller fol-
lows. Upon drawing ¢ = b in any period with a prevailing posterior 4 > 0, an
h-seller can guarantee himself at least V" (mpp(1t, y* (1)) by reporting truth-
fully in that period, but gets a payoff of pa(u, y* (1)) + 6V, (0) by lying. From
the previous lemma, announcing m = B yields a higher payoff for the h-seller
than for the ¢-seller, while from (15), announcing m = G would yield the same
payoff for both types. Hence the h-seller announces m = B with probability
1 if the /-type does with positive probability. We then obtain
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Theorem 2 There exists a NTR-equilibrium of T if and only if 6 > dy,. The
equilibrium outcome s unique.

Proof. We know that at the unique fixed point of T" the incentive compatibility
conditions are satisfied for the ¢-seller. Moreover, with V;* (0) = ¢/ (1 — J) the
optimal strategy for type h is to announce m = q if ¢ = ¢. It suffices to show
that z* (u,b) = 0 for u > 0.

For 1 € [m,1], this follows from (16) because mpg,(u,y*(1n)) = 1 and

pa i y*(p) < 1.
For pu € (0, 1), observe from (11) and (12) that

6 (Vi (my (1, 4" (1)) — Vi (0)) = palp, y* (1)) (19)

From above V(7 (1, y* (1)) > Vi (o1, y*(11))) . while V;7(0) = V;:(0),
hence

oV (mey (i, y™ (1)) — Vi (0) > pa(p, y* (1)) (20)

This prove the optimality of 2*(u,b) = 0 for p > 0.

From what follows, NTR-equilibria may differ in 2*(0, b) and 7%, (0) only.
But since consistency requires that an h-seller starts with an initial reputation
level ;1 > 0 and an h-seller always tells the truth as per (a), specification
of 2*(0,b) is a part of off-equilibrium strategy. Therefore, the equilibrium
outcome is unique.

The value function for the h-type is given by :

Vi) =3 3 6'p(0)pe (x(b', p), y* (x(B', 1)) (21)

t=0 htcH}

where H! := {g,b}"" x {g} is the set of all possible realizations of ¢ for ¢
periods with the requirement that ¢ = g in period ¢; p(h') is the ex ante prob-
ability that h* € H}, realizes; m(h’, ;1) is the posterior belief at the beginning
of period t calculated by Bayes rule from the prior belief 1 along h'.

Observe that V;*(u) is increasing in p because pa(u, y* (1)), mag(pe) and
mou(1, y* (1)) all increase in p as verified earlier. m

To complete this characterization, we should point that because the in-
centive constraint of the h-seller is slack for p > 0, there is the possibility
that the value V;* (0) differs from V;* (0). This is the case when z*(0,b) = 0.
For this to be true it must first be the case that 7}, (0) is large enough for
a h-type to be willing to sacrifice a current profit ¢ to build a reputation at
p = mh,(0) but not so large that the (-type would want to do so. A natural
candidate would thus be the limit of 7%, (1) when p goes to zero. Second, to
extend the argument of the theorem on incentive compatibility of the h-type,
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we must preserve the property that the h-type has more incentive to build
reputation: V;* (u) —V;*(0) > V,* (1) — V,* (0) . We show below that this is the
case if h is large and the seller is patient enough.

and 9 s large enough, there exists an equi-
librium such that x*(p, q) = 0 for all 1 € [0,1] and q € {g,b}.

141142140
Lemma 11 If h > A2 4HA0

Proof. See Appendix. m

5 Discussion of the equilibrium
Theorem 2 expresses that the equilibrium outcome is unique.

When 9, < 6 < 6y, the (-type always announces m = (. In this case the
dynamics of prices and beliefs is straightforward:

e The price p; increases over time until a quality ¢; = b occurs, then

— it definitely drops to ¢ if the type is ¢
— it is always equal to the quality, p; = ¢, if the type is h.

When 0 > max (0p, d¢) the (-type randomizes between announcing the true
quality B when ¢ = b and claiming a high price pg with a message G and
loosing reputation. Then the dynamics is more complex but we still have:

e The expected price E (p; | h') increases until

— either a quality ¢; = b occurs and the ¢-type announce G, in which
case the price definitely drops to ¢;

— or a quality ¢; = b occurs, the message is B and at least ¢ periods
has occurred, in which case the price is equal to the quality, p, =
q; for ever.

Let us compare this with the learning equilibrium. Two main differences
are the price responses and the evolution of the beliefs.

First, notice that the information on the type is revealed much faster in
the reputation equilibrium as stated in the next lemma.

Lemma 12 In a NTR-equilibrium, the type of the seller is known in finite
time with probability 1.
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Proof. If a message is invalidated at some date, the type is known to be low.
As long as messages are truthful, beliefs increase so there is a maximal date
t such that p, > p for sure if ¢ > ¢. Then if there were no lie before ¢, the type
is discovered at the first date where the quality is ¢; = b. But this occurs at
some date with probability 1. =

Thus communication helps mitigating the asymmetric information prob-
lem along two dimensions that are intrinsically related:

i) it helps credible communication of the true quality, thereby mitigating
the lemon problem;

ii) it helps consumers learning the true type of the seller.

The key difference concerns the posterior beliefs following a quality ¢ =
b. In the learning equilibrium they are given by mpg;(1,0) < p. In the reputa-
tion equilibrium they take the value 0 if m = G and 7%, (1) > pif m = B. The
next graphics illustrates this under the assumptions that h = 2/3 and ¢ = 1/3,
and for an ad-hoc policy function y* (1) = min (1 — £ (3/4 — ), 1) (so that
y* =1 for p > 3/4).12

Hence, in reputation equilibrium, posterior beliefs increases until they
jump to 0 or 1, while in the learning model they randomly converges to 0
or 1.

Concerning prices, the price following m = G is higher in the reputation
equilibrium since the h-seller doesn’t lie on quality, pg (1) > p° (1), while it
is lower when m = B. The next graphic illustrates the prices for an announce-
ment G in the case of the NTR~equilibrium and of the learning equilibrium. It
is assumed as above that h = 2/3 and ¢ = 1/3, and that the policy function is
y* (u) = min (1 — 1 (3/4 — u), 1). The dashed line corresponds to the price in
the learning equilibrium, p® (1) = ph + (1 — ) £. The two prices coincide for
1 = 0 reflecting the fact that in this case the seller announces G for all ¢ with
probability 1. Then the price reflects positively the announce m = G in the
reputation equilibrium for two reasons: the h-seller announces truthfully the
quality; the f-seller announces a low quality with positive probability below
[i.

The dynamics differ also. To see that consider an equilibrium path and
let 7 be the date at which the type is revealed. In the reputation game the
price when ¢; = g follows the beliefs and thus increases over time until date
7, while the price when ¢, = b is constant at zero. On the opposite the price
in the learning equilibrium follows a martingale where the price of date t is
independent of the realization of the quality at date t.

12This is just illustration as y* is not optimal here.
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6 Sellers can restart with a new identity

So far we have assumed that sellers stays for ever on the trading place and
that memory is infinite. One of the issue in on-line market-place proposing
reputation mechanism based on grading by consumers is that it may be diffi-
cult to keep track of the identity of the seller. When this is the case, a seller
has the option at any date to erase his history by changing his identity and
starts again as a new-comer.'

To address this issue, we need to put more structure on the dynamics be-
hind the model because the incentive to change identity depends on the beliefs
concerning new-comers, and these beliefs depend on equilibrium strategies.

Let us assume that there is a single platform on which trade can take place
in an infinite horizon economy, that allows agents to keep track of the past
records of sellers. There is a constant measure 1 of sellers on the platform in
each period. Each seller dies with probability y at the end of each period.
These deaths are replaced by measure x of new-born sellers at the beginning
of the next period. Each new born seller is of h-type with probability ..

If sellers cannot change identity, the model is the same as the one studied
above, where the initial beliefs start at p, and the date ¢ is interpreted as the
age or seniority of the seller (the number of trading periods since he joined
the platform).

Now suppose that a seller can start afresh with a new identity at any
period. We wish to construct a reputation equilibrium similar to the NTR-
equilibrium but accounting for this possibility.

A first remark is that in an NTR-equilibrium, the beliefs always increases
when the message m is correct due to lemma 9. Although this would have
to be verified, we can start with the presumption that this still holds. Then
a seller will never change his identity unless he has announced m = G while
q = b, because at any date his future payoff is larger than the expected payoff
of a new-born seller (because value functions are increasing). In particular
h-sellers never restart.

However a (-type may decide to restart if beliefs are too low.!* In this case
his reputation level is reset at the default level 1, € (0, 1), at which point the
value of continuation game is v, for an /-seller. To endogenously determine
1o and v, we proceed in three steps.

13The ability to do so depends on the technology used by the platforms. This is knwon
to be an issue with Ebay for instance. This is less an issue when the platform controls the
bank account coordinates or the social status of companies, as this would involves creating
a new firm which is costly.

“Notice that for the same reason as above this will occur only after a lie m = G for
q= B. low.
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First we treat v, as a parameter representing an outside option value when
a seller drops out of the market in question. We then determine the equilib-
rium for a given v, which generates value functions VJ.We then construct the
1o accounting for the equilibrium mass of new-born sellers of each types. We
finally search for a fixed point where v, = V1 (11,) .

6.1 Equilibrium with an outside option

Given an outside option value v, € (ﬁ, l—ié), consider a NTR-equilibrium of

the modified game where there is no restart but the seller may opt out at the
end of any period and obtain the value v, in the subsequent period. Notice
that the age doesn’t convey additional information than in the game with no
exit, because in equilibrium the seller only opts out when he has revealed it
low type with a wrong message G.

Again a NTR-equilibrium is one that satisfies (a) and (b). As before!® it
is characterized by a probability y' (1) > 0 that a f-seller announces m = G
when ¢ = b and value function VJ. Then,

y'(0)=1 and V) (0) =0+ v, € (%,vo) : (22)

To see this, note that V,'(0) > pa(0,y1(0)) + dv, > 5. It y7(0) < 1, then
V/(0) = p6 (0,4 (0)+0(£V] (msg(0)+(L—0) (VI (w5 (0, 51 (0)))) < £+0V{(0),
which would contradict V,'(0) > 4. Hence, y'(0) = 1 and Vi0) = ¢+
d max{v,, V' (0)} = € + du,.

In addition, an argument analogous to the proof of Lemma 3 establishes
that (w.l.o.g. when y' # 1) :

lim i) =4'(1) =1, V/(1)= % and V (L, (1)) = V/(0).
(23)
et O
Ay, = 5W = 0(V,'(1) = v,). (24)

Define F,, to be the set of all non-decreasing functions V' on [0, 1] such
that V'(0) = £ + v, and V(1) = %. Define o, (11) in the same manner
as in (11) and (12) with i replaced by il = inf {u | pa(u, 1) > 0A,,} < ji.

Define T, : F,, — F,, as

T, (V) (1) = pa (s 3 (1)) + 0 (Cmax{vo, V(e (1))} + (1 = )wo) . (25)

15The same argument shows that the /-seller truthfully announces ¢ = g.
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It is straightforward to verify that T, (V;) € F,,.

Then, Lemmas 8, 14, 9 and Theorem 1 extend to T, , establishing that, for
any v, € (ﬁ, ﬁ), there is a unique fixed point of 7;, and it is continuous
and strictly increasing.'® We omit the proofs because they are analogous
with straightforward changes due to the /-seller opting to restart whenever
his reputation level is so low that the continuation value falls short of v,.!"

To indicate their dependence on v, € (%, ﬁ) with compact notations,
let ylo and VJD denote the strategy of the (-seller and the fixed point of T, ,

respectively. Now we characterize the stationary equilibrium.
. ¢ 1
Proposition 1 For v, € (5, =5),
yb, () >y () Vi € (o, ) and gl (p) =y* (1) =1 Vp € [3,1]. (26)
Proof. In the Appendix. m

In the case where the value of the outside option is the same for both types,
and thus is v, for the h-seller, it is straightforward to verify that the existence
theorem 2 applies provided that J; is replaced by the threshold 9, solution

of )
—v, ) = 1.
6UO (1 - 51}0 UO)

Thus an equilibrium exists for o > 4,,. Then proposition 1 shows that at
any level of beliefs there is more lying by the /-type.

6.2 Equilibrium with restart

Let us extend the analysis to the case with restart. Then v, and p, are
endogenous.

First we construct p, for a given value of v,. For the given v,, we first find
ylo as above. Then we need to measure the mass of /-seller falsely announcing
G while ¢ = .

For ¢ € {g,b} let py(q) be the ex ante probability that ¢ realizes for a 0-
seller where 0 € {h,(}. Let H* := {g,b}* and for any h* = (¢;,--- ,q,) € H*

16Gince both types of sellers would restart if their reputation levels go below a threshold
level, the conditions imposed in constructing T'* for ; below the threshold level are not
necessary for equilibrium. Nonetheless, the fixed point of T, restricted to p above the
threshold level satisfies all equilibrium conditions for ¢-sellers. There may be other strategies
of l-seller that also meet equilibrium conditions, in conjunction with the honest behavior
of h-sellers. Characterizing all such equilibria appears to be a daunting task, however, so
our aim in this section is to investigate existence of stationary equilibrium.

"TIn the proof of lemma 9, V;* (1) = 5% 80 (e (s (1), 5™ (s (1)) — €) + 2225572,
which implies that V() — vo < Yoy (pa(mh, (1), §) — £)6°4" because W < Vp.
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let p,(h*) be the ex ante probability that h* realizes for a f-seller where
0 € {h,(}.

Given pg > 0 and h* = (qy, -+ ,q) € H*, let h? = (q1, - ,q;) and ﬂ(h?)
be the posterior belief for a seller who has survived the history hé‘? without
cheating, updated according to ylo conditional on the default belief j,:'®

() = Hopn(q1)(1 — X) (27)
Y opn(an) (1= x) + (1= mo)pelan) (1 — yh (119, 1)) (1 — X)

and recursively for h?,

m(h¥) = (28)

(b 1)py(g5) + (1= w(0E_1))pe(g5) (1 =yl (w(Bf 1), y))

Then, the probability that an /-seller survives h* without cheating is

k
= I [pela) (@ = gl (x(h% ), ¢;)(1 = X)] (29)
7j=1

where 7(h%) = p,. Consequently, the measure of nominally k-period old

(-sellers who restart in period k£ + 1 for £ > 1, is
> Xo(l = pg) Pr(b®)(1 = )y (w(*),b)(1 = x)
hke Hk

where Y, is a stationary state measure of all sellers who start in each period.
This implies that the total measure of old /-sellers who restart any period is

Xo(1 = 1) (1 = €)(1 — x)A(v,) where:

: Z > Pr(b")yl (r(h*),b).

k=1 hkeHF

Thus

Xo = X+ xo(1—=po)(1 =01 =x)A(vo)

X
1= (1= po) (1 = £)(1 = x)A(v5)

Therefore, Bayes rule dictates that the following hold at a stationary state:

— XOZ

. XH;
Mo = ol — )1 — (1 — 0)A(w,) (30)

BRecall yf, (1) =y, (1,) and yf (,9) = 0.
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Solving for (30) allows to define the initial beliefs function s : (5, 15) —
(0,1) as
pi — pi(1 = 0)(1 = x)A(vo
g = il =00 M)
1= p;(1 = O)(1 = x)A(vo)

where the inequality follows from 0 < A(v,) < 1.

(31)

An equilibrium then consists of v,, y§ and V| such that V| (11 (vo)) = vo
which is shown to exist by continuity. Indeed we show in appendix
Lemma 13 Let ¢ : (5 + 2, 155) — Clog) be a mapping such that ¢(v,) =
VI where Cpy) is the set of all continuous functions on [0,1]. Then, v is
continuous in v, under the norm sup.

Proof. See Appendix. =

Once the existence of an equilibrium value function for the /-type is es-
tablished as well as initial beliefs, it just remains to show the h-seller finds
optimal to announce the true quality. We then obtain

Theorem 3 Assume that seller can change identity, then there exists a sta-
tionary NTR-reputation equilibrium for h and § above some threshold.

Proof. Note that, as v, — 1%, pg(vo) converges to a limit strictly greater than
0. Since the right derivative of pe(u, yf, (1)) with respect to p is uniformly
bounded away from 0 at u = 0, so is the right derivative of V;}Lo (1) and
consequently, VJD(ME(UO)) > v, for v, sufficiently close to 1.

On the other hand, as v, — =5, we have since p; < 1 : ‘/JO(/L(JS(UO)) <
Vi (1) < Vi (1) < v, for v, sufficiently close to 5. Moreover

Since /4 (v,) is continuous in v, from (31) and 1 is continuous, we must
have Vjo(ug(vo)) = v, for at least one v, € (75 +1, 155).

Let uj and v} denote a pair of stationary default reputation level and
value, i.e., v3 = K}%(ug) and g = pf(v?). Note that to establish a stationary
equilibrium, we still need to show that it is optimal for h-sellers to always
report truthfully as long as g > p3. Since the continuation value of h-seller
after cheating is the equilibrium value of the default level 5, V,f (1), rather
than VhT (0), the optimality condition of h-seller is more difficult to verify than
when restarting is impossible. In fact, it has not been proved that for all
stationary pair of u and v;, truthful reporting for all p > 1 is optimal for
h-sellers when (-sellers report according to ylg(,u) for u > pg.

However, the proof of Lemma 11 relies on V;*(0) being a constant, rather
than V;*(0) = ﬁ and consequently, applies analogously to VJ (1) defined as



Reputation and Communication 28

per (21) with y* replaced by ylg for u > ps. As a result, if h > IHVLHACHAE W,

for all sufficiently large 6 < 0 it constitutes an equilibrium for /¢-sellers to
report according to ylo (1) and h-sellers honestly for u > g for any stationary
pair pf and v¢, provided that §(V;'(1) — V(1)) > 1.9 It may be worth
mentioning that this is a sufficient condition, so stationary equilibria in which
h-sellers behave honestly may exist in a wider class of environments. ®

In any such equilibrium, the proof of Proposition 1 applies without change
and, therefore, sellers’” announcements are less reliable than when fresh restart
with new identity is not possible.

However, this does not mean that untruthful announcements are more
frequent in the market when restarts are possible than when not: /¢-sellers
who have lied once, rather than keep lying forever when ¢ = b, would start
afresh and announce according to y'(u). In fact, when § is close to 1 there
will be more truthful announcements in the market when sellers are allowed
to restart with a new identity.

Nevertheless, h-sellers tend to suffer more due to untrustworthy behavior
of /-sellers when restarts are possible, because such behavior by sellers who
are “known” to be of {-type (i.e., those with reputation level ; = 0), which
happens only when restarts are not allowed, does not affect h-sellers.

APPENDIX

Proof of Lemma 3:. (i) Suppose that y*(1) < 1. Then, we would have:
Vi) = £(1+0V7 (1) + (1= O)(y" (1)L + 0V (mg (1) + (1 — y*(1))aV; (1)),
along with 1 + 0V* (75, (1)) < 0V, (75, (1)) = 6V (1). Thus
Vi) < 1+ 6VEL) + (1= 00V (1) =€+ 6V (1)
— V(1) <V/(0) = V(1) = V7 (0).
The value function V;* would be constant which contradicts 14+0V,* (7§, (1)) <
6V (mpe(1,y7(1))). Hence, y*(1) = 1.

Then
Vi(1) =1+ 00V (1) + (1 = )6V (me (1))

and

14 0V (1)) < 0V (L, y* (1)) = V7 (1),

9The proof is omitted because it is the same as the proof of Lemma 11 with obvious
changes, such as v$ and fi' in place of V;(0) and L, respectively.
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Now suppose that lim,_,; y*(1) # 1. Then, the following holds for some
n > 0: for any € > 0 there is 1, < 1 such that 1 — e < p, and y*(p,) <1 —1n
and thus,

Vi (1) = pa(pe, v (1) +0 OV (mag (1)) + (=) Vi (may (e, y* (1)) - (32)
Since pg (ke y* (1)) — 1, e — 1, mag(pe) — 1, and map(pe, y* (1)) — 1 as

e — 0, (32) would imply lim,,_,; V*() = ¢+ lim,,_,; V" (p), i.e., lim, ;1 V;* (1) =

£ = V;(0). Then, V;*(u) = V;(0) for all y which would imply that an (-
seller with low quality product would always lie as pg(u,, y*(1.)) + 0V;*(0) >
0V (0). Hence y* (11) = 1, a contradiction. We conclude that lim,,_; y*(x) = 1.

(ii) Since for all sufficiently large p < 1, y* (1) > 0 implies that V,*(u) =
Pty (1) + 0 (EVy (mag(p) + (1 = OVF(0)) , we get

1—6(1—0+¢%)
M Ve = A" ha e -

(iii) Suppose that y*(u) # 1 for some p and that v = % < Vr(1).
Note that 6(v — Vé (0)) < 1 from (6).

If §(V (1) — V,;(0)) > ¢, then there is some p € (0,1) such that 6(V;*(1) —
V5 (0)) > pa(u, ) d(v — V;*(0)) so that y*(u) cannot be equal to 1 because
S(V(1)=V;(0)) > pa(p, 1), nor can it be less than 1 because 0 (V,* (7 gy (1, y))—
V;*(0)) < pa(p,y) for all y < 1 by Lemma 4.1, which is impossible.

If 6(V*(1) — V;*(0)) < ¢, on the other hand, y*(x) = 1 must hold for
all € (0,1] due to condition (ii) of Definition 0, because pg(u,y) > ¢ >
o(Vy (1) =V (0)) = 6(V*(mao(p,y)) = V™ (mae(, y))) for any y < 1 by Lemma
4.1. Since we have restricted to y*(0) = 1 above, we have encountered a
contradiction to the supposition that y*(u) # 1 for some p.

Hence lim,,_; V;*(p) = V;*(1). This, together with V,;*(1) = 149 (¢V,;*(1) + (1

implies V;(r,(1)) = V7' (0).

Finally suppose we change 7%, (1) to zero. The value function V;(.) is
unchanged, while the incentive compatibility condition for type h at 1 is still
verified: 146V} (1) > 0V;* (0) holds if it holds for 7, (1) > 0. For the /-type
seller, the value V,* (1) is lower while V" (1) is unchanged for ;1 < 1. But since
i, = 1 should never occur in equilibrium when the type is ¢, all incentive
compatibility are preserved. m
Proof of Lemma 9: . To reach a contradiction, suppose that there exists p
such that 7, (1, yv (1)) < p. Since yy is continuous and yy (u) = 1 for u > g,
there exists

o =max{p <1 [ mpy(p, yv () < p} < p. (33)
Note that 7 g (i, yv(ft)) = fi. Since
. h—t
’/TBb(:u>y> 2 H — Y 2 Yy =-— (34)

1—

o K)W*(Wzb(l)%
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it must be the case that yy (ji) = ¢ and thus
pa(it §) = 6(V (i) — V(0)). (35)

Expanding V;"(11) = pe(p, y* (1)) + 0 (V] (mag () + (1 = )V (0)) by ap-
plying an analogous equation to V;*(m¢g, (1)) repeatedly, we get

Vi(n) = | 08'pe (why (), y" (hy (1)) | +0VE(0)(1—0) > 016" (36)
= ) 0" (pa(mly (1), y (why (1)) — €) + V7 (0). (37)

where 75, (1) = may (75, o) is defined recursively so that

t
Ty (1) = Hh -
o) = = e

(38)

Note from (38) that 7, (f1) > fi for t > 0 and thus, 7, (75, (1), yv (76, (7)) >
T, (i) by (33). Consequently, yy(ng, (1)) > ¢ by (34). Therefore, since
pe(p,y) < 1 and decreases in y, (37) implies that

) <> (palml,(i).5) — 05" (39)
t=0
Since _ y
+ J—
pa(p,9) = % (40)

from (3), we further deduce from (39) that

V() =V(0) < pa(it,9) —€+Z<WGQ - ?Jrg( h))ét«?t
< pa(ﬁ@)—u;(Ul_f)tf(l_h))atﬁ
= palid) L+ (1~ O
(1—8)¢

= vl 9) = 5, <ralig)

where the second inequality follows from 7{,, (/1) < 1. Thus, we have reached
a contradictory conclusion that (35) cannot hold at i. Wm

Proof of existence:. Define F" as the set of all right-continuous non-
decreasing functions on [0,1], endowed with the topology of the weak con-
vergence. The set is compact and convex. m
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Lemma 14 T (F") = F" and T is continuous on F".

Proof. Consider a sequence V", n=1,2,---,in F" that converges to V € F"
under the topology of the weak convergence. We show below that T'(V™)(u)
converges to T'(V)(u) at all continuity points of T'(V), which proves the
lemma.

Let €2 be the set of all points where V (7gg(1t)) is continuous. Since megg(10)
is increasing, [0, 1]\ is countable. Since V' is continuous at pu = mgy(p) if
p € Q by continuity of wgy, it follows that V" (mgy(1e)) converges to V(mag (i)
on (.

Next, Let yy (1) be as defined in (12) for V' and yy»(u) for V™. Let A be
the set of points where V (mgy(1, yy (1)) is continuous. Since 7 gy (1, yyv (1))
is non-decreasing on (0, 1] as verified in the proof of Lemma 6, [0,1]\A is
countable. We now show that yy« (1) — yy(p) for all u € A.

Consider o € A. That yy»(p) — yy(u) is trivial from (12) if p = 0 or
1 > 1. Hence, suppose 0 < pu < fi so that, denotiing V" the left limit:

§ (V2 (ot yvn (1)) = V(0)) < pap, yyn (1)) < 6 (V(mao(p, yvm (1)) = V(0)) -
(41)

By taking a subsequence if necessary, we may assume that yy«(p) converges

to a limit y'. To reach a contradiction, suppose 3" # yy (). First, consider

the case that ¥’ < yy(u). Then, since pe(p,y) decreases with p there exists

€ > 0 such that

pa(p, yvn (1) > palp, yv () + = 6(V(mpo(p, yv (1)) — V(0)) + ¢

for sufficiently large n, where the equality follows because p € A. From this
we further deduce that

pa(p,yve () > (V" (mao(p, yv(n))) — V(0)) + %

> OV (ma(i v (1)) = V(O)) + 5
for sufficiently large n, where the first inequality follows because V" (7 gy (14, yv (1)) —
V(mey(p, yv(p))) for p € A and the second because mp,(u, y) increases in y
and yyn»(u) — v < yv(p). However, this contradicts (41).

For the case y’ > yv(u), we can apply the same reasoning using V" (7 gy (14, yyn (1)) >
V™(me(p, yv () for n large leads to

9

pa (i, yvn (1) < 6V (ot yyn (1)) — V(0)) — 2

which again is a contradiction. We conclude that yyn»(p) — yy(u) for all
we A
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Together with the earlier result that V" (mg,(1)) — V(mgy(p)) for all
1 € €1, this establishes for all 4 € QN A that

TV (1) = palpy™ (1) + (V" (mey(p) + (1 = OV (0))
— e yv (i) + (0 (mge() + (1 = OV(0)) = T(V)(u)

as n — oo. Finally, to verify this convergence at every continuity point of
T(V)(p), observe first that this convergence is trivial from (12) at u = 0, 1.
For any other p ¢ QN A at which T'(V) is continuous, one can find u, €
QNAN(0, ) arbitrarily close to u and py € QN AN (i, 1) arbitrarily close to
w because QN A is dense in [0, 1]. Since T'(V"™)(py) < T(V™) () < T (V™) (115)
and T'(V)(py) < T(V)(p) < T(V)(ps), taking the limits we get

T(V)(y) < liminf T(V") (1) < limsup T(V") () <T(V) (), and

sup T(V)(y) =T(V)(u) = inf T(V)(up),
1 EQNA 1o EQNA
My <p Mo >

which imply, as desired, that T'(V"™)(u) converges to T'(V)(u) at every conti-
nuity point of T(V)(x). m

endproof. By Fan-Glicksberg Fixed Point Theorem (Fan, 1952; Glicksberg,
1952), T has a fixed point in F". =

Proof of uniqueness:.  To reach a contradiction, suppose there are two fixed
points V! and V2. Notice that the level ji is independent of V and

Vi) = poln ) + S (V) + (1 OV(0) Yu>p  (42)
Since V(p) = V2(u) for all p > [i, the following is well-defined:

fu:=min{p | Vi(p') = V(i) Vi' > p} € (0, f]. (43)

A “segment” for i = 1,2, is a nonempty interval I; = [z, z] C [0, i such that
Vi(p) > VI(u) for all p € (x,2) and Vi(u) = VI(p) for p = z, 2, where j # 1.
A “region” for i = 1,2, is a nonempty interval R; = [z, z] C [0, ] such that
Vi(u) > Vi(u) for all u € I; and there are 2/, 2’ € R; such that [z, 2] and
2/, z] are segments for i. Let
P (1) = e yvi(p))  and 7wy () = mps(p, yyvi(p)) for i=1,2. (44)
Recall that in the proof of Lemma 6, we have shown that both pi,(x) and
i (1) weakly increase in p. Since V' strictly increases in g by Lemma 8, the
same reasoning establishes that

[A] pi(p) and 7, (u) strictly increase in p.
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Next, we establish the following:

[B] If V(7 (1)) = V3(rwiy, (1)) for some g > 0 and some i = 1,2, then

y' (1) = y*(u) and consequently, p (1) = p&(p) and 7, (1) = 75, ().
If, in addition, V!(7g,(1)) = V*(mgy(p)) holds, then V(u) = V2(u).

Note that this observation is trivial for 4 > fi. Since
pe(u) = (V' (g (1)) = V'(0)) V€ (0, 7], (45)

V(g (1) = V*(ny () implies pg(u) = p&(p), which in turn implies
Yy (1) = yi2 (), from which the remaining claims of [B] follow.
4 4

We also establish the following:

[C] If V(g ( ) > V2(mi, (1)) for some € (0, fi], then y' () < y*(p) and
p&(1) > P ().

Since pg(u,y) strictly decreases in y, Vi(u) strictly increases in u, and
pe(p) = 0 (Vi(mhy () — V(0)) for p € (0, ], it follows that if V(7 (1)) >
V2(mh, (1)) for some pi € (0, 1] then the graphs of pg (1, y) and 6 (V2(7 gy (11, y)) —
v

2(0)) cross at y*(u1) > y" (1), hence pg; () > p:(1), proving [C].

Finally, since 7'z, (ft) > o by Lemma 9 and mg,(ft) > fv by (4), due to
continuity, there is ' < i such that V!(y') # V2(i/), 7l (i) > i and
moy(i) > fi Then, VA(why(1)) = V2(rhy (1)) by (43) and thus, V() =
V2(i') by [B], a contradiction to the earlier assertion that V(i) # V2(u/).
This completes the proof. (Note that [C] is not used. m

Proof of Lemma 11:. Let

Vi (1) = hZhWPG Tag (1), ¥ Ty (1)) Vi >0
so that
Vi (1) = Vi) + (1= h)8 S W6V (man(mly (1), " (s (1)) Vit > 0. (46)

In conjunction with (36),

V) = Vi) = [ S0 = 99 0.7 (e 10) ] 0V O
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and thus,
dVy2 () dVZ i R+l _ t apG (WtGg(U)7 1) thGgW) (47)
dyu P Op dys
Z 52 | (2 — gzt)apG (”Gg( ), 1) dr o)
o dpu
4 S(R2E g Ipc (Wg;d(u)’ 1) dﬂéﬁl(ﬂ)
oL dpu
S 3PG(7TG( ), 1) dnl, (1)
> 52t€2t h g
tz:; ( ol dp
+ 5(h2 . 5) ap (77'2‘/;1 (M)? 1) dﬂ-GQ(ﬂ-gg(M)) d7T2Gtg<:U’) (48)
o du du
for © > i because y* (u) =1 for u > ji. By routine calculation, we get
0 1
(h _ 1) ( ) (h2 - g) pG(ﬂ-Gg(/l’)’ ) dﬂ-Gg(:“’)
ou o du
h(1—h)(1 =€)  h2(h*—4)(1— )¢ (49)
(== T (1= )+ B2

the derivative of which is

h(1 — h)? 0(h3 — he)?
(1= (=h)p? (61— p)+ h2p)?
Since it is straightforwardly verified that (49) evaluated at p = 1 is positive if

h > LV LHACHAr 1+4€2+4€ , it further follow(49) is positive for all p if b > 1+ 12:4;; +E

This 1mp11es that (48) is positive for all ;1 > i and consequently, from (46),
dViy () o dVi(n)

du —  dp
when 6 < 1 is sufficiently close to 1 if h > Hviid+al W.

Next, let p; = min{p|rg,(n) > p and 7py(p, y* (1)) > i} and consider
i € 1y, ii]. Note that p; < i due to Lemma ??. Since

Vi) = hpe(p,y* (1) + 6 (RVy (e (1) + (1 — h) Vi (mas(p, y* (1)) and
Vi) = paiy*(n) + 00V (mag(p) + (1 = OV (0)),

we deduce that dv*: ) %ju), which exists almost everywhere because both

V(1) and V,*(u) are continuous and increasing, is equal to the derivative of

(1= h)(8Vy (meo(p, y* (1)) — P (s y* (1)) + 6 (V' (g (1) — €V (Tag(1))),

—2(1 1) < 0.

V> i (50)
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which is positive due to (50) because pa(p, y* (1)) = 6(Vy (wpo(p, y* (1)) —
VE*(O)) for 4 < . Repeated application of analogous argument establishes

that dvg OIS dvf; W for all i > 0 when 6 < 1 is sufficiently close to 1 if
w n

h > H—W. [See BJ-IUP-20090425.nb for calculation.

Setting 755(0,1) = lim, o mpp(p, y* (1)) and V;*(0) = lim, o V;* (1), this
implies that h-seller prefers to tell the truth upon drawing ¢ = b whenever
(-seller is indifferent, i.e., when p € (0,f]. Then, 2*(0,b) = 0 is optimal by
continuity of V¥, pa (i, y*(1)), may(1t), and mpp (e, y*(1)). Finally, optimality
of *(u, g) = 0 follows immediately from (??) as before. m

Proof of Proposition 1:. Since §A,, < A < 1, as before there is i € (0, i)
such that pe(n!, 1) = 6(V] (mpp(at, 1)) —v,) so that pe (1, y) > 6(V/ (wps(p, y))—
v,) for all y € [0, 1] and, therefore, yi (1) =1 for all > .

Note that y;ﬂo is continuous by construction (which is analogous to (12))
and yf (1) € (0,1) for p < pf. To reach a contradiction, suppose y (i) =
y{}é(ﬂ) for some fi < p' and yf (p) > Y, (u) for all p € (f1,1). Then,
S(Ve(mmolit, v (1)) = V7(0) = paliny

= pG(ﬂwy

and thus,
V(i) = V7 (0) = V(i) — v, where jii=mp(fiy () >p  (51)
and the inequality is from Lemma ??7. Furthermore, since
VA = polin i (1) + (Vi (ray (i) + (1= OV/(0)) and (52)
Vi) = po(inyl, () + 6 (V] (mae() + (1 = O)v,) (53)

while pa(fi, yi- (7)) > pa (it v, (1)), (51)-(53) would imply

0L [(Vi' (g (7)) =V (0)) = (V] (mig (1) —v0)] < (6-1) (0, =V (0)) < 0. (54)

Since V(1) — V;(0) = A > A,, = V(1) — v,, there must exist u' € (ji, 1)
such that V(i) — V77 (0) < V() — v, and V() = V7 (0) > V! () — v, for
all yo > p'. However, since pe (1, yi- (1) = pe(i,yl, (1)) and maq (1) > 4,
(52) and (53) evaluated at y = g/ imply that V(i) — 6V;(0) > V, (i) — 6,
and consequently, V(') — V;*(0) > V(i) — v,, contradicting the definition
of pc [V () > V()7

Proof of Lemma 13:. Step 1. First, we prove that
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Lemma 15 For anye > 0 there exists M. > 0 such that Vv, € [ﬁ, 1175)‘V’Vg €
fvo N C[O,l] Vi and :U’, S (57/_1’)

pe(i' yb, (1)) — pe(i yl, (1)
W= p

< M, (55)

[ ]
Proof. Notice that we can find £ > 0 such that 83’;5 is bounded above uniformly

by k, and ag;; is bounded below uniformly by —k Suppose that pu < p'. Then

PG (u’yy%Z (w))—rc (uyyffe (1)

if y;r/g (1) > y%}e () : i < k because pg decreases in y.

Now suppose that yg/e (W) < y‘T/E(,u) Remind that 7p, <,u, yz/e (u)) is non-
decreasing. For p > ¢ and y € [0,1], we can find k. such

Ompp(y) 1-hHA-00-y) k
O pA=m)+ A=) Q=0 -y
Omp(p,y) A=nA-O0—-pp o
0y p@=h)+A=p) Q-0 -y

Then

0 < mo(' ul, (1) — 7t yly, (1)) < ke (i — p1) + ke (y%(u’) -~ y%(u))

where we use y‘z(,u’) < y‘T/Z(,u) and p/ > p. Thus
T, T ke
v, (1) = oy (1) > =+ (W —n).

£

But then we have
pal b (1)) = palin wl() < k(' = 1) =k (o, () = ()
ke
< (k+k~—> (W —p).
ke
We then set M, = (k: + k%) .
Step 2. For the following notice that Next, we prove that
Lemma 16 For any e >0, Yo, € 5, 1)

Vi) = Vi (w) M.
- DYVH(W) =1 Yo vo M) < 2
A R =

where VJQ is the fized point of T, as noted earlier.
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u
Proof. For v,, there exists p defined by VI (wgy(p)) = vo, such that
ov, if <
- y%<u>> 45 (0V] (mey(p) + (L= O,) i > p

Since mg, (1) is differentiable and % (%gz(“ ) < B condition 55 implies that
for nw>c€
0
DVl (i) < M.+ 5 max (D*V}) max <7TG_9(H))
o l,l/>8 o M a//L
< M.+ hémax (D*V})
u>e o

Thus

M
DYV (u) < K = c
VUO(/‘L) —_— 1 _5h

Step 3. Now, choose v, > Notice that for a sufficiently small n >

¢
gt
0, and in particular smaller than v, — - 5,
to fa, N C[O,l} where fgo = Uvn—nﬁvﬁvn—t—nf

the operator 7, can be extended

Lemma 17 The operator
Ty, F) N Coa — Cloa 18 continuous in sup norm for every at v,, (58)

u
Proof. Observe that if max,cjo17|V/ (1) — Vi(p)| < € then

mat [T, (V) (1) — 1, (VD) (1) <  + de

nel0,1

follows from (25) because |pg(u,y;r// (1) = palp, y;[/e (1))| < € due to (?7?).

Step 4. Again fix v, and 7 small. Observe from (25) that for v = v, +
r where k < 7, for all V- € F] NCpa, pap, y;',(,u)) changes by at most
0k when v, changes to v. Thus

T, (V)(1) — 2105 < THV) (1) < Ty (V)(1) + 2065] Vg € [0,1].
Then
Ty, (VI (1) = 2165 < VI (1) =TIV (1) < T, (V) () + 2006]. (59)

v

Since the closure of the set of F;! N Cjpyj is compact and contains V;T for
all k near 0, there is limit point of Vi as k — 0, say lim VI,

We claim that for vg — 7 > the limit of V[ is a V| . For this we need
the following lemma

167
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Lemma 18 Fix v, —n > ﬁ. There exists € > 0 such for all v > v, —n and
< 2e: V() = pe (1) + dv.

u
Proof. TO BE DONE

Now take the set [0,2¢], max |V} (1) — Vi (1)| = |v — vo| converges to
Z€ro.

Consider now the set [, 1], then there exists some K. such that V.| (1) is
K.-Lipschitz on [, 1] . Then from Arzela-Ascoli Theorem, the set K -Lipschitz
is compact under the norm sup. Assume that V. converges to some lim VI (or
extract a subsequence), then lim V.| is K_-Lipschitz, and thus continuous on
e, 1].

Combining [0, 2¢]and [e, 1] , we see that V! converges to a continuous func-
tion lim V/I.

But then T, (V) #+ 2|0k| converges uniformly to T, (lim V,J). Thus from
(59)

T,,(lim V1) <lim V! < T, (lim VJ).

Thus lim V,} = V,/ . This proves continuity of ¢ at v,. m
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